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Abstract

This appendix contains additional lemmas used to prove Theorems 1 and 2.

S.1 Lemmas for Theorem 1

Lemma S.1.1 For all j ∈ {1, 2, 3, 4}: Rj = oP (1) as N → ∞.

Proof: First, we show that R1 = oP (1). By the triangle inequality, we have

|R1| ≤
√

N
∣∣∣F −1

Y

(
ξ(n1)

)∣∣∣ ∣∣∣FU (1) − FU

(
ξ(n1)

)∣∣∣+ √
N
∣∣∣F −1

Y

(
ξ(1)

)∣∣∣ ∣∣∣FU

(
1/n1

)
− FU

(
ξ(1)

)∣∣∣
=

√
N
∣∣∣Y(n1)

∣∣∣ ∣∣∣1 − FU (ξ(n1))
∣∣∣+ √

N
∣∣∣Y(1)

∣∣∣ ∣∣∣FU

(
1/n1

)
− FU

(
ξ(1)

)∣∣∣ . (S.1.1)

Lemma 4 and Markov’s inequality imply
√

N
∣∣∣Y(1)

∣∣∣ = OP

(
n

1
2 +d1
1

)
and

√
N
∣∣∣Y(n1)

∣∣∣ = OP

(
n

1
2 +d2
1

)
,

and it suffices to show that∣∣∣FU

(
1/n1

)
− FU

(
ξ(1)

)∣∣∣ = oP

(
n

− 1
2 −d1

1

)
and

∣∣∣1 − FU (ξ(n1))
∣∣∣ = oP

(
n

− 1
2 −d2

1

)
.

We show the second result only (the first can de obtained analogously). By the triangle inequality
and the mean value theorem, there exists cn1 ∈ ((n1 − 1)/n1 ∧ ε(n1), (n1 − 1)/n1 ∨ ε(n1)) such that∣∣∣1 − FU

(
ξ(n1)

)∣∣∣ ≤
∣∣1 − FU

(
(n1 − 1)/n1

)∣∣+ ∣∣∣FU

(
(n1 − 1)/n1

)
− FU

(
ξ(n1)

)∣∣∣
=
∫ 1

n1−1
n1

fU (u)du + fU (cn1)
(

1 − ξ(n1) + 1
n1

)

≲
∫ 1

n1−1
n1

u−b1(1 − u)−b2du + c−b1
n1 (1 − cn1)−b2

(
1 − ξ(n1) + 1

n1

)
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≲
∫ 1

n1

0
v−b2dv +

(
2b1 + ξ−b1

(n1)

) (
nb2

1 + (1 − ξ(n1))−b2
)(

1 − ξ(n1) + 1
n1

)
≲ nb2−1

1 + nb2−1
1

(
2b1 + ξ−b1

(n1)

) (
1 + [n1(1 − ξ(n1))]−b2

) (
n1
(
1 − ξ(n1)

)
+ 1

)
= nb2−1

1 (1 + OP (1)) ,

where the last line follows from ξ(n1)
p→ 1, n1(1 − ξ(n1))

d→Exponential(1), and the continuous
mapping theorem. The result follows from b2 + d2 < 1/2 by Assumption 2(iv).
Second, we show that R2 = oP (1). By Assumption 2(ii)–(iii),

√
N

∣∣∣∣∣
∫ ξ(1)

0
F −1

Y dFU

∣∣∣∣∣ ≲ √
n11

{
ξ(1) ≥ 1/2

} ∣∣∣∣∫ 1

0
F −1

Y dFU

∣∣∣∣+ √
n11

{
ξ(1) < 1/2

}∫ ξ(1)

0
t−b1−d1dt

≲
√

n11
{

ξ(1) ≥ 1/2
}

+ n
b1+d1−1/2
1

[
n1ξ(1)

]1−b1−d1
.

The first term is oP (1) since it converges to zero in L1:

E
[√

n11
{

ξ(1) ≥ 1/2
}]

=
√

n1 Pr
(
ξ(1) ≥ 1/2

)
=

√
n1

2n1
= o(1).

That the second term is oP (1) follows from E[ξ(1)] = 1/(n1 + 1) and Jensen’s inequality since
b1 + d1 < 1/2. This shows that

√
N

∣∣∣∣∣
∫ ξ(1)

0
F −1

Y dFU

∣∣∣∣∣ = oP (1). (S.1.2)

An analogous reasoning shows that
√

N

∣∣∣∣∣
∫ 1

ξ(n1)

F −1
Y dFU

∣∣∣∣∣ = oP (1). (S.1.3)

It follows that R2 = oP (1).
Third, we show that R3 = oP (1). By the mean value theorem, there exists un1(t) ∈ (Gn1(t), t) such
that

R3 =
√

N

∫ ξ(n1)

ξ(1)

[fU − fU ◦ un1 ]︸ ︷︷ ︸
=:νn1

[Gn1 − I] dF −1
Y .

By Assumption 2(iv), there exists δ > 0 such that bj + dj < 1/2 − δ. Further, let δj > 0 be such
that δ > 2(δ1 ∨ δ2) and

bj + dj < 1/2 − δ − δj .

Then, let q(t) = t1/2−δ1(1 − t)1/2−δ2 . From what precedes, we have

|R3| ≤ sup
t∈(0,1)

∣∣∣∣√n1(Gn1(t) − t)
q(t)

∣∣∣∣ ∫ ξ(n1)

ξ(1)

|νn1(t)|q(t)dF −1
Y (t). (S.1.4)

We now show that the integral term in (S.1.4) tends to 0 in L1. Let fn1(t) := 1
{

ξ(1) < t < ξ(n1)
}

|νn1(t)|
and let µ denote the measure defined as the product of the probability measure on Ω, the prob-
ability space on which all random variables are defined, with the measure ρ on (0, 1) such that
dρ/dF −1

Y = q. By Lemma 6, µ(Ω × (0, 1)) =
∫ 1

0 q(t)dF −1
Y (t) < ∞. Moreover,

E

[∫ ξ(n1)

ξ(1)

|νn1(t)|q(t)dF −1
Y (t)

]
=
∫

Ω×(0,1)
fn1dµ.
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First, we show that fn1 tends to 0 µ-almost surely. By almost-sure convergence of Gn1(t) to t, we
have, for all t ∈ (0, 1), un1(t) a.s.−→ t. Then, by continuity of fU , νn1(t) a.s.−→ 0 for all t ∈ (0, 1). This
shows that fn1 → 0 µ-almost-surely. Second, by Corollary(i)–(ii) of Theorem 16.14 in (Billingsley,
1995, p. 218), it is sufficient to show that fn1 is uniformly integrable, i.e., that

lim
M→∞

lim sup
N→∞

∫
1 {fn1 > M} fn1dµ = 0.

We will show the stronger result that, for all M > 0,

lim sup
N→∞

∫
1 {fn1 > M} fn1dµ = 0. (S.1.5)

Let M > 0 and ν ∈ (1, ∞) such that

ν <
b1 + δ − δ1

b1
∧ b2 + δ − δ2

b2
. (S.1.6)

By Hölder’s inequality,∫
1 {fn1 > M} fn1dµ ≤

(∫
fν

n1dµ

)1/ν (∫
1 {fn1 > M} dµ

)(ν−1)/ν

. (S.1.7)

First, we show that the first term in the right-hand side of (S.1.7) is O(1).∫
fν

n1dµ =
∫ 1

0
E
[
1
{

ξ(1) < t < ξ(n1)
}

|νn1(t)|ν
]

q(t)dF −1
Y (t).

Let B(t) := CU t−b1(1 − t)−b2 . By the triangle inequality, Assumption 2, and since Bν is convex
and un1(t) lies between Gn1(t) and t, for all t ∈ (ξ(1), ξ(n1)), almost surely,

|νn1(t)|ν ≤ B(t)ν + B(un1(t))ν

≤ 2B(t)ν + B(Gn1(t))ν .

Hence,∫
fν

n1dµ ≲
∫ 1

0
B(t)νq(t)dF −1

Y (t) +
∫ 1

0
E
[
1
{

ξ(1) < t < ξ(n1)
}

B(Gn1(t))ν
]

q(t)dF −1
Y (t).

By Lemma 6, for ν sufficiently small, the first integral is finite and does not depend on n1. Consider
the second integral. By Lemma 6 again, to show that this integral is O(1) it suffices to show that

vn1(t) := E
[
1
{

ξ(1) < t < ξ(n1)
}

B(Gn1(t))ν
]

q(t) ≲ t1/2−b1−δ(1 − t)1/2−b2−δ, (S.1.8)

which we prove below. We have

vn1(t) = E

[
1 {1 < n1Gn1(t) < n1} B

((
n1Gn1(t)

)
/n1

)ν
]

q(t)

= CU t1/2−δ1(1 − t)1/2−δ2E

[
1 {1 < W < n1}

(
W

n1

)−b1ν (
1 − W

n1

)−b2ν
]

≲ t1/2−b1−δ(1 − t)1/2−b2−δwn1(t),
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where W∼Binomial(n1, t) and

wn1(t) = tb1+δ−δ1(1 − t)b2+δ−δ2E

[
1 {1 < W < n1}

(
W

n1

)−b1ν (
1 − W

n1

)−b2ν
]

.

Hence, it suffices to show that wn1(t) = O(1) uniformly in t. Since

E

[
1 {1 < W < n1}

(
W

n1

)−b1ν (
1 − W

n1

)−b2ν
]

≤ E1/2
[
1 {1 < W < n1}

(
W

n1

)−2b1ν
]

E1/2
[
1 {1 < W < n1}

(
1 − W

n1

)−2b2ν
]

,

it suffices to show

E

[
1 {1 < W < n1}

(
W

n1

)−2b1ν
]
≲ t−2b1ν , (S.1.9)

E

[
1 {1 < W < n1}

(
1 − W

n1

)−2b2ν
]
≲ (1 − t)−2b2ν .

We show the first result only (the second can be obtained analogously). We have

E

[
1 {1 < W < n1}

(
W

n1

)−2b1ν
]

= E

[
1 {1 < W < n1}1

{
W ≥ n1t

2

}(
W

n1

)−2b1ν
]

+ E

[
1 {1 < W < n1}1

{
W <

n1t

2

}(
W

n1

)−2b1ν
]

≲ t−2b1ν + E

[
1

{
W <

n1t

2

}( 1
n1

)−2b1ν
]

= t−2b1ν + n2b1ν
1 Pr

(
W <

n1t

2

)
.

By Hoeffding’s inequality, we have

Pr
(

W <
n1t

2

)
≤ exp

(
−1

8n1t

)
.

Since xδ exp(−x/8) is bounded on [0, ∞) for any δ > 0, we have

n2b1ν
1 Pr

(
W <

n1t

2

)
≲ t−2b1ν

and thus
E

[
1 {1 < W < n1}

(
W

n1

)−2b1ν
]
≲ t−2b1ν ,

which proves (S.1.9), wn1(t) = O(1), (S.1.8), and in turn that the first term in (S.1.7) is O(1).
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Next, we show that the second term in (S.1.7) converges to zero. We have∫
1 {fn1 > M} dµ =

∫ 1

0
Pr
(
1
{

ξ(1) < t < ξ(n1)
}

|νn1(t)| > M
)

q(t)dF −1
Y (t)

≤
∫ 1

0
Pr (|νn1(t)| > M) q(t)dF −1

Y (t). (S.1.10)

We have already shown that, for all t ∈ (0, 1), |νn1(t)| a.s.−→ 0. It follows that, for all t ∈ (0, 1),
|νn1 | (t) = oP (1). This implies that

lim
N→∞

Pr (|νn1(t)| > M) q(t) = 0, ∀t ∈ (0, 1).

Moreover, for all t ∈ (0, 1), Pr (|νn1(t)| > M) q(t) ≤ q(t) with
∫ 1

0 q(t)dF −1
Y (t) < ∞ by Lemma 6. By

the dominated convergence theorem,

lim
N→∞

∫ 1

0
Pr (|νn1(t)| > M) q(t)dF −1

Y (t) = 0,

and (S.1.10) implies that (S.1.5) holds. This completes the proof that

E

[∫ ξ(n1)

ξ(1)

|νn1(t)|q(t)dF −1
Y (t)

]
= o(1),

and thus ∫ ξ(n1)

ξ(1)

|νn1(t)|q(t)dF −1
Y (t) = oP (1). (S.1.11)

To prove R3 = oP (1), it is thus sufficient to show that the first term in (S.1.4) is bounded in
probability. By Equation (2) in Chapter 2, Section 7 (p. 141) in Shorack and Wellner (1986), there
exists a Brownian bridge U such that

sup
t∈(0,1)

∣∣∣∣√n1(Gn1(t) − t) − U(t)
q(t)

∣∣∣∣ = oP (1).

Since ||./q|| is a norm, the triangular inequality yields

sup
t∈(0,1)

∣∣∣∣√n1(Gn1(t) − t)
q(t)

∣∣∣∣ ≤ sup
t∈(0,1)

|U(t)/q(t)| + oP (1) = OP (1) + oP (1) = OP (1),

by inequality (17) p. 451 in Shorack and Wellner (1986) with a = 0, b = 1/2, and by noticing that
U/q has the same distribution on [0, 1/2] and [1/2, 1], and that the integral on the right-hand side
of the inequality is finite for q(t) = [t(1 − t)]a with a < 1/2. This result, together with (S.1.11) and
(S.1.4), implies that R3 = oP (1).

Fourth, we show that R4 = oP (1). We have

|R4| ≤
√

N

∫ ξ(1)

0
xdΛ(x) +

√
N

∫ 1

ξ(n1)

(1 − x)dΛ(x).

Consider the first term (the second term can be controlled analogously). Let δ ∈ (b1 + d1, 1/2).
With probability tending to 1, ξ(1) ≤ 1/2. Moreover, on this event, we have, by Assumption 2,

√
N

∫ ξ(1)

0
xdΛ(x) ≲

√
Nξ1−δ

(1)

∫ 1/2

0
xδdΛ(x)
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≲

√
N

n1
n

δ−1/2
1

[
n1ξ(1)

]1−δ
∫ 1/2

0
xδ−b1dF −1

Y (x).

By Lemma 6,
∫ 1/2

0 xδ−b1dF −1
Y (x) < ∞. The result follows from [n1ξ(1)]1−δ = OP (1),

√
N/n1 ≤ 1,

and δ < 1/2.
□

Lemma S.1.2 E[|R5|] → 0 as N → ∞.

Proof: For that purpose, let In1(x) = (x,Gn1(x)] if Gn1(x) > x, In1(x) = [Gn1(x), x) if Gn1(x) < x,
and ∅ otherwise. Finally, let Sn1(x) = sgn(Gn1(x) − x). Observe first that

Vn2 ◦ FU ◦ Gn1(x) − Vn2 ◦ FU (x) = Sn1(x)ZN (x), (S.1.12)

with
ZN (x) = 1

√
n2

n2∑
i=1

[1 {Ui ∈ In1(x)} − PU (In1(x))] ,

where PU ([a, b]) = PU ((a, b]) = PU ([a, b)) = PU ((a, b)) = FU (a) − FU (b) for all (a, b) ∈ [0, 1], a ≤ b.
Then,

E [|R5| |(ξi)i] ≤ E

[∫ 1

0
|Vn2 ◦ FU ◦ Gn1 − Vn2 ◦ FU | dF −1

Y

∣∣∣∣(ξi)i

]

=
∫ 1

0
E [|Vn2 ◦ FU ◦ Gn1 − Vn2 ◦ FU | |(ξi)i] dF −1

Y

≤
∫ 1

0
E
[
ZN (x)2|(ξi)i

]1/2
dF −1

Y (x)

=
∫ 1

0
V [1 {U1 ∈ In1(x)} |(ξi)i]1/2 dF −1

Y (x)

≤
∫ 1

0
|PU (In1(x))|1/2dF −1

Y (x). (S.1.13)

The first equality follows by Fubini–Tonelli’s theorem, the second inequality uses (S.1.12) and
the Cauchy–Schwarz inequality, and the second equality holds since conditional on the (ξi)i, the
variables 1 {Ui ∈ In1(x)} − PU (In1(x)) are i.i.d. with mean zero. As a result,

E [|R5|] ≤
∫ 1

0
E
[
|PU (In1(x)|1/2

]
dF −1

Y (x)

≤
∫ 1

0
E [|PU (In1(x)|]1/2 dF −1

Y (x), (S.1.14)

where the first inequality follows by (S.1.13) and Fubini–Tonelli’s theorem, whereas the second is
due to Jensen’s inequality. Now, by the law of large numbers and the continuous mapping theorem,
|FU (Gn1(x)) − FU (x)| P−→ 0 for all x ∈ [0, 1]. Moreover, |FU (Gn1(x)) − FU (x)| ≤ 1. Hence, for all
x ∈ [0, 1],

E [|FU (x) − FU (Gn1(x))|] → 0.

We now apply the dominated convergence theorem to prove that E[|R5|] → 0. Because x 7→
E[|PU (In1(x))|]1/2 is bounded by 1 for all n1, it is actually enough to bound this function for
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x close to 0 and close to 1. Also, by symmetry, we can focus without loss of generality on the
neighborhood of 0. We prove that

E [|PU (In1(x))|] ≲ x1−b1 . (S.1.15)

Then the result follows by Lemma 6 combined with Assumption 2(iv). To prove (S.1.15), we apply
Lemma 7 with Qn(x) := Gn1(x), Bn(x) = 1, and δ < exp(−1)/2. If x ≥ 1/n1, the Cauchy–Schwarz
inequality yields

E [|Gn1(x) − x|] ≤
[

x(1 − x)
n1

]1/2
≤ 2x, (S.1.16)

since n
1/2
1 ≥ x−1/2. If x < 1/n1, (S.1.16) holds as well by Theorem 1 in Berend and Kontorovich

(2013). Hence, (S.1.16) holds for all x ∈ (0, δ̄/2). Next, let n0 ∈ N, n0 ≥ 4/(1 − δ̄)2. By Kiefer’s
inequality (see, e.g. Van der Vaart and Wellner, 1996, Corollary A.6.3), we have, for all x ∈ [0, δ]
and all n1 ≥ n0,

Pr(Gn1(x) > 1/2) ≤ (ex)n1(1−δ̄)2/4 ≲ x.

Thus, we can apply Lemma 7, which yields (S.1.15).
□

Lemma S.1.3 For all j ∈ {6, 7, 8, 9}: Rj = oP (1) as N → ∞.

Proof: First, we show that R6 = op(1). We split R6 into three integrals: R6,1 is obtained by
integrating along the segment [ξ(1), ζ(1) ∨ ξ(1)], R6,2 is obtained by integrating along the segment
(ζ(1) ∨ ξ(1), ζ(n3) ∧ ξ(n1)], and R6,3 is obtained by integrating on the segment (ζ(n3) ∧ ξ(n1), ξ(n1)]. Let
us first focus on R6,2. By the mean value theorem, for all t ∈ [ζ(1) ∨ ξ(1), ζ(n3) ∧ ξ(n1)], there exists
uN (t) ∈ (Gn1(t),H−1

n3 ◦ Gn1(t)) such that

R6,2 =
√

N

n3

√
n3

∫ ζ(n3)∧ξ(n1)

ζ(1)∨ξ(1)

[fU − fU ◦ uN ]︸ ︷︷ ︸
=:νN

[
H−1

n3 ◦ Gn1 − Gn1

]
dF −1

Y .

By Assumption 2(iv), there exists δ > 0 such that bj + dj < 1/2 − δ. Further, let δj > 0 be such
that δ > 2(δ1 ∨ δ2) and

bj + dj < 1/2 − δ − δj . (S.1.17)

Then let q(t) = t1/2−δ1(1 − t)1/2−δ2 . From what precedes, we have

|R6,2| ≤
√

N

n3
sup

t∈(1/n1,1−1/n1)

∣∣∣∣∣
√

n3(H−1
n3 (t) − t)
q(t)

∣∣∣∣∣
∫ ζ(n3)∧ξ(n1)

ζ(1)∨ξ(1)

|νN (t)|q(t)dF −1
Y (t). (S.1.18)

We now show that the last term in (S.1.18) tends to 0 in L1. Let

fN (t) := 1
{

ζ(1) ∨ ξ(1) < t < ζ(n3) ∧ ξ(n1)
}

|νN (t)|,

and let µ denote the measure defined as the product of the probability measure on Ω, the probability
space on which all random variables are defined, with the measure ρ on (0, 1) such that dρ/dF −1

Y = q.
By Lemma 6, µ(Ω × (0, 1)) =

∫ 1
0 q(t)dF −1

Y (t) < ∞. Moreoever,

E

[∫ ζ(n3)∧ξ(n1)

ζ(1)∨ξ(1)

|νN (t)|q(t)dF −1
Y (t)

]
=
∫

Ω×(0,1)
fN dµ.
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First, we show that fN tends to 0 µ-almost surely. By convergence of Gn1(t) and H−1
n3 (t) to t, we

have, for all t ∈ (0, 1), uN (t) a.s.−→ t. Then, by continuity of fU , νN (t) a.s.−→ 0 for all t ∈ (0, 1). This
shows that fN → 0 µ-almost-surely. Second, by Corollary(i)–(ii) of Theorem 16.14 in (Billingsley,
1995, p. 218), it is sufficient to show that fN is uniformly integrable, i.e., that

lim
M→∞

lim sup
N→∞

∫
1 {fN > M} fN dµ = 0. (S.1.19)

We will show the stronger result that, for all M > 0,

lim sup
N→∞

∫
1 {fN > M} fN dµ = 0. (S.1.20)

Let M > 0 and ν ∈ (1, ∞) such that (S.1.6) holds. By Hölder’s inequality,∫
1 {fN > M} fN dµ ≤

(∫
fν

N dµ

)1/ν (∫
1 {fN > M} dµ

)(ν−1)/ν

. (S.1.21)

Consider the first term.∫
fν

N dµ =
∫ 1

0
E

[∫ ζ(n3)∧ξ(n1)

ζ(1)∨ξ(1)

|νN (t)|νq(t)
]

dF −1
Y (t).

Let B(t) := CU t−b1(1 − t)−b2 . By Assumption 2 and since Bν is convex and uN (t) lies between
Gn1(t) and t, for all t ∈ (ξ(1), ξ(n1)),

|νN (t)|ν ≤ 2ν−1[B(t)ν + B(uN (t))ν ]

≤ 2ν−1[2B(t)ν + B(Gn1(t))ν + B(H−1
n3 (Gn1(t)))ν ], a.s..

Hence,∫
fν

N dµ ≲
∫ 1

0
B(t)νq(t)dF −1

Y (t) +
∫ 1

0
E
[
1
{

ξ(1) < t < ξ(n1)
}

B(Gn1(t))νq(t)
]

dF −1
Y (t)

+
∫ 1

0
E
[
1
{

ζ(1) ∨ ξ(1) < t < ζ(n3) ∧ ξ(n1)
}

B(H−1
n3 (Gn1(t)))νq(t)

]
dF −1

Y (t).

The first two integrals are uniformly bounded as already shown in the proof of Lemma S.1.1. Let
us focus on the third integral.∫ 1

0
E
[
1
{

ζ(1) ∨ ξ(1) < t < ζ(n3) ∧ ξ(n1)
}

B(H−1
n3 (Gn1(t)))νq(t)

]
dF −1

Y (t)

≤
∫ 1

0
E
[
ζ

δ/2+(1−ν)b1−δ1
(1) (1 − ζ(n3))δ/2+(1−ν)b2−δ2

]
t1/2−δ−b1(1 − t)1/2−δ−b2dF −1

Y (t)

= n
(b1+b2)(ν−1)+δ1+δ2−δ
3 E

[(
n3ζ(1)

)δ/2+(1−ν)b1−δ1(n3(1 − ζ(n3))
)δ/2+(1−ν)b2−δ2

]
×
∫ 1

0
t1/2−δ−b1(1 − t)1/2−δ−b2dF −1

Y (t).

For ν sufficiently small, n
(b1+b2)(ν−1)+δ1+δ2−δ
3 ≤ 1 and x 7→ xδ/2+(1−ν)bj−δj is concave. By the

Cauchy–Schwarz and Jensen inequalities,

E
[(

n3ζ(1)
)δ/2+(1−ν)b1−δ1(n3(1 − ζ(n3))

)δ/2+(1−ν)b2−δ2
]

8



≤
(
E
[(

n3ζ(1)
)2(δ/2+(1−ν)b1−δ1)])1/2 (

E
[(

n3(1 − ζ(n3))
)2(δ/2+(1−ν)b2−δ2)])1/2

≤ E
[
n3ζ(1)

]δ/2+(1−ν)b1−δ1
E
[
n3(1 − ζ(n3))

]δ/2+(1−ν)b2−δ2

=
(

n3
n3 + 1

)δ/2+(1−ν)b1−δ1 ( n3
n3 + 1

)δ/2+(1−ν)b2−δ2

≤ 1.

Combining all pieces together yields∫ 1

0
E
[
1
{

ζ(1) ∨ ξ(1) < t < ζ(n3) ∧ ξ(n1)
}

B(H−1
n3 (Gn1(t)))νq(t)

]
dF −1

Y (t)

≤
∫ 1

0
t1/2−δ−b1(1 − t)1/2−δ−b2dF −1

Y (t),

which does not depend on N and is finite by Lemma 6. Next, let us show that the second term
in (S.1.21) converges to zero.∫

1 {fN > M} dµ =
∫ 1

0
Pr
(
1
{

ζ(1) ∨ ξ(1) < t < ζ(n3) ∧ ξ(n1)
}

|νN (t)| > M
)

q(t)dF −1
Y (t)

≤
∫ 1

0
Pr (|νN (t)| > M) q(t)dF −1

Y (t). (S.1.22)

Since we have already shown that, for all t ∈ (0, 1), |νN (t)| a.s.−→ 0, it follows that, for all t ∈ (0, 1),
|νN (t)| P−→ 0. This implies that

lim
N→∞

Pr (|νN (t)| > M) q(t) = 0, ∀t ∈ (0, 1).

Moreover, for all t ∈ (0, 1), Pr (|νN (t)| > M) q(t) ≤ q(t) with
∫ 1

0 q(t)dF −1
Y (t) < ∞ by Lemma 6. By

the dominated convergence theorem,

lim
N→∞

∫ 1

0
Pr (|νN (t)| > M) q(t)dF −1

Y (t) = 0,

and (S.1.22) implies that (S.1.20) holds. This completes the proof that

E

[∫ ζ(n3)∧ξ(n1)

ζ(1)∨ξ(1)

|νN (t)|q(t)dF −1
Y (t)

]
= o(1),

and thus ∫ ζ(n3)∧ξ(n1)

ζ(1)∨ξ(1)

|νN (t)|q(t)dF −1
Y (t) P−→ 0. (S.1.23)

Next, by Corollary 4.3.1 and Theorem 3.4 in Csörgő et al. (1986),

sup
t∈(1/n3,1−1/n3)

∣∣∣∣∣
√

n3(H−1
n3 (t) − t)
q(t)

∣∣∣∣∣ = OP (1).

Let ε > 0. For N sufficiently large, 1/n1 > 1/n3 − ε. It follows that

sup
t∈(1/n1,1−1/n1)

∣∣∣∣∣
√

n3(H−1
n3 (t) − t)
q(t)

∣∣∣∣∣ ≤ sup
t∈(1/n3−ε,1−1/n3+ε)

∣∣∣∣∣
√

n3(H−1
n3 (t) − t)
q(t)

∣∣∣∣∣
9



= sup
t∈(1/n3,1−1/n3)

∣∣∣∣∣
√

n3(H−1
n3 (t) − t)
q(t)

∣∣∣∣∣+ OP (1)

= OP (1).

This, together with (S.1.18),
√

N
n3

= OP (1), and (S.1.23), implies that R6,2 = oP (1). Now, let us
show that R6,1 = oP (1).

|R6,1| :=
∣∣∣∣∣
√

N

n3

√
n3

∫ ζ(1)∨ξ(1)

ξ(1)

AN (t)
[
H−1

n3 ◦ Gn1(t) − Gn1(t)
]

dF −1
Y (t)

∣∣∣∣∣ ,
≤
√

N

n3

∣∣∣FY

(
ζ(1)

)
− FY

(
ξ(1)

)∣∣∣1{ξ(1) < ζ(1)
}

×
√

n3(ζ(jN ) + n−1
1 ) sup

ξ(1)<t<ζ(1)

[
2B(t) + B(Gn1(t)) + B(H−1

n3 (Gn1(t)))
]

≤ OP (1)oP (1) × n
b1−1/2
1

(
(n1/n3)1/2

[
n3ζ(jN )

]
+ (n1/n3)−1/2

)([
n1ξ(1)

]−b1 + 1 + (n1/n3)−b1
[
n3ζ(1)

]−b1
)

where jN = ⌈n1/n3⌉. By assumption, there exists ε > 0 such that, for N sufficiently large,
|n1
n3

− λ3
λ1

| < ε. By choosing ε sufficiently small, this ensures that for N sufficiently large N , jN ≤
⌈ε + λ3/λ1⌉ ≤ ⌈λ3/λ1⌉ + 1 =: j̄. In particular, n3ζ(jN ) ≤ n3ζ(j̄) = OP (1). Since [n1ξ(1)]−b1 = OP (1)
and [n3ζ(1)]−b1 = OP (1), and b1 < 1/2 by Assumption 2(iv),

R6,1 ≤ OP (1)oP (1)oP (1)OP (1) = oP (1).

An analogous reasoning yields R6,3 = oP (1).

Second, we show that R7 is defined in (22). We actually prove the stronger result that R7 converges
to 0 in L1. Let Wn3 = √

n3(H−1
n3 − I) and Bn1 = 1

{
ξ(1) ≤ x < ξ(n1)

}
. We have, by Fubini–Tonelli’s

theorem,

E[|R7|] ≤
√

N

n3

∫ 1

0
E[|Wn3 ◦ Gn1(x) − Wn3(x)| × Bn1 ]fU (x)dF −1

Y (x)

≤
√

N

n3

∫ 1

0
E[(Wn3 ◦ Gn1(x) − Wn3(x))2 × Bn1 ]1/2fU (x)dF −1

Y (x).

We apply the dominated convergence theorem to prove the result. First, note that for all (x, y) ∈
(0, 1]2,

|H−1
n3 (x) − H−1

n3 (y)| ∼ Beta(|⌈n3x⌉ − ⌈n3y⌉|, n3 − |⌈n3x⌉ − ⌈n3y⌉| + 1),

with the convention that the Beta(0, n3 + 1) is the Dirac distribution at 0. Hence, for any k ∈
{1, . . . , n1 − 1},

E
[
(Wn3 ◦ Gn1(x) − Wn3(x))2 |Gn1(x) = k/n1

]
= n3

{
E

[(
H−1

n3 (k/n1) − H−1
n3 (x) − (k/n1 − x)

)2
]}

= n3

{
E

[(
H−1

n3 (k/n1) − H−1
n3 (x) − 1

n3 + 1 (⌈(n3k)/n1⌉ − ⌈n3x⌉)

10



+ 1
n3 + 1 (⌈(n3k)/n1⌉ − ⌈n3x⌉) − (k/n1 − x)

)2
]}

= n3

{
V
[
H−1

n3 (k/n1) − H−1
n3 (x)

]
+ 1

(n3 + 1)2 (⌈(n3k)/n1⌉ − (n3k)/n1 + n3x − ⌈n3x⌉ + x − k/n1)2
}

= n3
(n3 + 1)2(n3 + 2) |⌈(n3k)/n1⌉ − ⌈n3x⌉| (n3 + 1 − |⌈(n3k)/n1⌉ − ⌈n3x⌉|) (S.1.24)

+ n3
(n3 + 1)2 (⌈(n3k)/n1⌉ − (n3k)/n1 + n3x − ⌈n3x⌉ + x − k/n1)2

≤ 1
n3

|⌈(n3k)/n1⌉ − ⌈n3x⌉| + 2
n3

[
2 (⌈(n3k)/n1⌉ − (n3k)/n1)2 + 2 (⌈n3x⌉ − n3x)2 +

(
k

n1
− x

)2]

≤
∣∣∣∣ k

n1
− x

∣∣∣∣+ 1
n3

[
10 + 2

(
k

n1
− x

)2]
, (S.1.25)

where the first inequality follows by convexity and the last by the triangle inequality and because by
definition, |a − ⌈a⌉| ≤ 1 for all a ∈ R+. Now, remark that Bn1 = 1 iff n1Gn1(x) ∈ {1, . . . , n1 − 1}.
Then, by what precedes,

E
[
(Wn3 ◦ Gn1(x) − Wn3(x))2 × Bn1

]
≤ E [|Gn1(x) − x|] + 1

n3
[10 + 2V (Gn1(x))] (S.1.26)

→ 0.

To apply the dominated convergence theorem, we show that there exists q(.) such that for all
n1 ≥ n0 and all x ∈ [0, 1],

E[(Wn3 ◦ Gn1(x) − Wn3(x))2 × Bn1 ]1/2 ≤ q(x), (S.1.27)

with
∫ 1

0 q(x)fU (x)dF −1
Y (x) < ∞. As above, we focus on a neighborhood of 0. If x > 1/n3, we have,

by (S.1.26) and (S.1.16),

E
[
(Wn3 ◦ Gn1(x) − Wn3(x))2 × Bn1

]
≤ 14x.

Now suppose that x < 1/n3. Remark that E(Bn1) ≤ 1 − (1 − x)n1 ≤ n1x. Then, integrating
(S.1.25), we obtain

E
[
(Wn3 ◦ Gn1(x) − Wn3(x))2 × Bn1

]
≤ E [|Gn1(x) − x|] + 1

n3
[10n1x + 2V (Gn1(x))]

≤ (⌈λ3/λ1⌉ + 1)14x.

Then we can choose q(x) = ((⌈λ3/λ1⌉ + 1)14x)1/2 in (S.1.27). By Assumption 2 and Lemma 6, we
have

∫ 1/2
0 q(x)fU (x)dF −1

Y (x) < ∞. The same reasoning applies to the interval [1/2, 1]. The result
follows.

Third, we show that R8 = oP (1). Let Λ denote the measure on (0, 1) such that dΛ/dF −1
Y = fU .

Note that H−1
n3 (x) ∼Beta(⌈n3x⌉, n3 + 1 − ⌈n3x⌉), thus E[H−1

n3 (x)] = ⌈n3x⌉/(n3 + 1). Then

E[|R8|] ≤
√

N

n3

∫ 1

0
[1 − xn1 − (1 − x)n1 ]

∣∣∣∣∣⌈n3x⌉ − (n3 + 1)x
(n3 + 1)n−1/2

3

∣∣∣∣∣ dΛ(x).
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Let fN (x) denote the integrand. We have limN→∞ fN (x) = 0. Moreover, using 1−xn1 −(1−x)n1 ≤
n1x and since n1 ≲ n3, we obtain, when x < 1/n3,

fN (x) ≤ 2n
1/2
3 x ≤ x1/2 ≲ [x(1 − x)]1/2.

When x ∈ [1/n3, 1 − 1/n3],
fN (x) ≤ 2

n
1/2
3

≲ [x(1 − x)]1/2.

Finally, when x > 1 − 1/n3, then x > 1 − 1/n1, and thus using 1 − xn1 ≤ n1(1 − x),

fN (x) ≤ n1(1 − x) 2
(n3 + 1)n−1/2

3
≤ 2(1 − x)1/2 ≲ [x(1 − x)]1/2.

Moreover,
∫ 1

0 [x(1 − x)]1/2dΛ < ∞ by Lemma 6. Thus, by the dominated convergence theorem,
R8 = oP (1).

Fourth, we show that R9 = oP (1). We prove the stronger result that R9 converges to 0 in L1. By
Fubini–Tonelli’s theorem combined with Assumption 1(ii) and Jensen’s inequality, we have

E[|R9|] ≤
√

N

n3

∫ 1

0

√
n3E

[∣∣∣1{x ∈ [ξ(1), ξ(n1)]
}

− 1 {x ∈ [1/n3, (n3 − 1)/n3]}
∣∣∣]

× E

[(
H−1

n3 (x) − ⌈n3x⌉
(n3 + 1)

)2]1/2

dΛ(x). (S.1.28)

Since H−1
n3 (x) ∼Beta(⌈n3x⌉, n3 + 1 − ⌈n3x⌉), we have

E

[(
H−1

n3 (x) − ⌈n3x⌉
(n3 + 1)

)2]1/2

=
√

⌈n3x⌉(n3 + 1 − ⌈n3x⌉)
(n3 + 1)2(n3 + 2) ≲

√
x(1 − x)

n3
.

Let qN (x) denote the first expectation in the integrand in (S.1.28). By letting pn1(x) := 1 − xn1 −
(1 − x)n1 , we have

qN (x) = Pr(ξ(1) ≤ x ≤ ξ(n1), x < 1/n3) + Pr(ξ(1) ≤ x ≤ ξ(n1), x > (n3 − 1)/n3)

+ Pr(ξ(1) > x ∪ x > ξ(n1), 1/n3 ≤ x ≤ (n3 − 1)/n3)

= pn1(x) [1 {x < 1/n3} + 1 {1 − x < 1/n3}] + (1 − pn1(x))1 {1/n3 ≤ x ≤ (n3 − 1)/n3} .

Let fN (x) denote the integrand in the right-hand side of (S.1.28). For all x ∈ (0, 1), limN→∞ pn1(x) =
1 so from what precedes, limN→∞ fN (x) = 0 for all x ∈ (0, 1). Moreover, using qN (x) ≤ 1, we get

fN (x) ≲ [x(1 − x)]1/2,

with
∫ 1

0 [x(1−x)]1/2dΛ < ∞ by Lemma 6. The result follows by the dominated convergence theorem.
□

Lemma S.1.4 As N → ∞: √
n3J2

d−→ N (0, ς2),

where
ς2 =

∫ 1

0

∫ 1

0
[s ∧ t − st] fU (s)fU (t) dF −1

Y (s) dF −1
Y (t).
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Proof: Let Iin3 = [(i − 1)/n3, i/n3). First, note that

−
√

n3J2 =
n3∑
i=1

ain3

(
ζ(i) − i

(n3 + 1)

)
, (S.1.29)

where a1n3 = an3n3 = 0, and, for all i ∈ {2, . . . , n3 − 1}, ain3 = √
n3Λ (Iin3). We now verify that

the necessary and sufficient conditions given by Hecker (1976) for the asymptotic normality of the
L-statistic in (S.1.29) hold in our case. Let us define

σ2
n3 = 1

n3 + 2

n3∑
j=1

n3∑
k=1

ajn3akn3

[(
j

n3 + 1 ∧ k

n3 + 1

)
− jk

(n3 + 1)2

]
.

We have to prove that

lim
n3→∞

max1≤i≤n3

∣∣∣∑n3
j=i ajn3

∣∣∣
n3σn3

= 0. (S.1.30)

First, by Assumption 2 and Lemma 6, there exists δ < 1/2 such that∫ 1

0
tδ−b1(1 − t)δ−b2dF −1

Y (t) < ∞.

Now, because ain3 ≥ 0, we have, for all n3 ≥ 2,

max
1≤i≤n3

∣∣∣∣∣∣
n3∑
j=i

ajn3

∣∣∣∣∣∣ =
√

n3

n3−1∑
j=2

Λ (Ijn3)

=
√

n3

∫ (n3−1)/n3

1/n3
fU (t)dF −1

Y (t)

≤ CU
√

n3

∫ (n3−1)/n3

1/n3
t−b1(1 − t)−b2dF −1

Y (t)

≤ CU 2δn
1/2+δ
3

∫ (n3−1)/n3

1/n3
tδ−b1(1 − t)δ−b2dF −1

Y (t)

≤ CU 2δn
1/2+δ
3

∫ 1

0
tδ−b1(1 − t)δ−b2dF −1

Y (t),

where the first inequality follows by Assumption 2 and the second uses the fact that [t(1 − t)]δ ≥
1/(2n3)δ for all t ∈ [1/n3, 1 − 1/n3]. Therefore,

max
1≤i≤n

∣∣∣∣∣∣
n3∑
j=i

ajn3

∣∣∣∣∣∣ = O(n1/2+δ
3 ). (S.1.31)

Next, we have

σ2
n3 = n3

n3 + 2

n3−1∑
j=2

n3−1∑
k=2

Λ (Ijn3) Λ (Ikn3)
(

j

n3 + 1 ∧ k

n3 + 1 − jk

(n3 + 1)2

)

= n

n3 + 2

∫ 1

0

∫ 1

0
fn3(x, y)dΛ(x)dΛ(y),
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where fn3(x, y) = j
n3+1 ∧ k

n3+1 − jk
(n3+1)2 when (x, y) ∈ Ijn3 × Ikn3 , 1 < j ∧ k ≤ j ∨ k < n3,

fn3(x, y) = 0 otherwise. For any (x, y) ∈ (0, 1)2, fn3(x, y) → f(x, y) := x ∧ y − xy. Moreover, for
any (x, y) ∈ Ijn3 × Ikn3 , 1 < j ∧ k ≤ j ∨ k < n3,

j

n3 + 1 ∧ k

n3 + 1 ≤ 2(x ∧ y),

1 − j

n3 + 1 ∨ k

n3 + 1 ≤ 2 (1 − x ∨ y) .

Thus, fn3(x, y) ≤ 4f(x, y) for all (x, y) ∈ [1/n3, 1 − 1/n3]2. This inequality also holds for (x, y) ∈
[0, 1]2\[1/n3, 1 − 1/n3]2 since fn3(x, y) = 0 for such (x, y). Because x ∧ y ≤ (xy)1/2 and 1 −
x ∨ y ≤ [(1 − x)(1 − y)]1/2, we have f(x, y) ≤ [x(1 − x)y(1 − y)]1/2. Moreover, by Lemma 6,∫ 1

0 [I(1 − I)]1/2dΛ < ∞. Thus, by the dominated convergence theorem,

lim
n3→∞

σ2
n3 = σ2 :=

∫ 1

0

∫ 1

0
(x ∧ y − xy)dΛ(x)dΛ(y) > 0. (S.1.32)

Combined with (S.1.31), this implies (S.1.30). Thus, by Theorem 1 of Hecker (1976) and (S.1.32)
again,

−
√

n3J2
d−→ N (0, ς2).

□

S.2 Lemmas for Theorem 2

Lemma S.2.1 For all k ∈ {1, 2, 3, 4, 5}: Jk = o(1) as N → ∞.

Proof: First, we show that J1 = o(1). By sub-additivity of u 7→ |u|β on R (since β ∈ (0, 1]) and
using that |F̃ (1)

Y (y) − F̂
(1)
Y (y)| ≤ h

n2,F̂
(1)
Y (y), we have

J1 ≤ 2cU E

[∫
R2

(∣∣∣F̂ (1)
Y (y) − FY (y)

∣∣∣β)(Ω ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)
(y, y′) dydy′

]

+ 2cU E

[∫
R2

(∣∣∣h
n2,F̂

(1)
Y (y)

∣∣∣β)(Ω ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)
(y, y′) dydy′

]

= 2cU E

[∫
R2

(∣∣∣F̂ (1)
Y (y) − FY (y)

∣∣∣β)(Ω ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)
(y, y′) dydy′

]

+ O(εn2)E
[∫

R2

(
Ω ◦ F̂

(1)
Y ⊗ F̂

(2)
Y

)]
. (S.2.1)

The second term tends to zero since εn2 → 0 and E
[∫

R2

(
Ω ◦ F̂

(1)
Y ⊗ F̂

(2)
Y

)]
< ∞ by Lemma 9. We

now focus on the first term in (S.2.1). Letting δ ∈ (0, 1) be such that δ ≤ 1/2 − (b1 + d1) ∨ (b2 + d2)
(using Assumption 2(iv)), we have

E

∫
R2

(∣∣∣F̂ (1)
Y (y) − FY (y)

∣∣∣β)(Ω ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)
(y, y′) dydy′

= E

∫
R2

(∣∣∣F̂ (1)
Y (y) − FY (y)

∣∣∣β)(F̂
(1)
Y (y) ∧ F̂

(2)
Y (y′)

)1−2b1
(

¯̂
F

(1)
Y (y) ∧ ¯̂

F
(2)
Y (y′)

)1−2b2

dydy′
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≤ E

[∫
R

∣∣∣F̂ (1)
Y (y) − FY (y)

∣∣∣β (F̂
(1)
Y (y)

)d1( ¯̂
F

(1)
Y (y)

)d2
1{

F̂
(1)
Y (y) ¯̂

F
(1)
Y (y)̸=0

}dy

]

× E

[∫
R

(
F̂

(2)
Y (y)

)d1+δ( ¯̂
F

(2)
Y (y)

)d2+δ
dy

]

≤
∫
R

E1/2
[∣∣∣F̂ (1)

Y (y) − FY (y)
∣∣∣2β

1{
F̂

(1)
Y (y) ¯̂

F
(1)
Y (y)̸=0

}]E1/2
[(

F̂
(1)
Y (y)

)2d1( ¯̂
F

(1)
Y (y)

)2d2
]

dy × C by Lemma 9

≤ 2β/2C

∫
R

(
FY (y)F̄Y (y)

n1

)β/2

E1/2
[(

F̂
(1)
Y (y)

)2d1( ¯̂
F

(1)
Y (y)

)2d2
]

dy by Lemma S.3.2

≤ 2β/2C

∫
R

(
FY (y)F̄Y (y)

n1

)β/2 (
FY (y)

)d1(
F̄Y (y)

)d2
dy by concavity of x 7→ x2d1(1 − x)2d2

= o(1) by Lemma 6.

Note that we used Lemma S.3.2 with b̃1 = (1 − β)/2. This yields J1 → 0.

Second, we show that J2 = o(1). In the analysis of this term, we will write

α1 = 1 − 2b1

α2 = 1 − 2b2

m(s, t) = s ∧ t, ∀α, s, t ∈ [0, 1].

It follows that Ω(s, t) = m(s, t)α1 m(s̄, t̄)α2 . Then, by Assumption 2(iii), there exists a positive
constant CU such that g ≤ C2

U . We have

J2 = E

∫
R2

(
g ◦ F ⊗ 2

Y

) ∣∣∣(Ω ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)
−
(
Ω ◦ F ⊗ 2

Y

)∣∣∣
≲ E

∫
R2

∣∣∣(Ω ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)
−
(
Ω ◦ F ⊗ 2

Y

)∣∣∣
= E

∫
R2

∣∣∣∣(m ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)α1
(

m ◦ ¯̂
F

(1)
Y ⊗ ¯̂

F
(2)
Y

)α2

−
(
m ◦ F ⊗ 2

Y

)α1 (
m ◦ F̄ ⊗ 2

Y

)α2
∣∣∣∣

≤ E

∫
R2

∣∣∣ (m ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)α1
−
(
m ◦ F ⊗ 2

Y

)α1
∣∣∣ (m ◦ ¯̂

F
(1)
Y ⊗ ¯̂

F
(2)
Y

)α2

+ E

∫
R2

(
m ◦ F ⊗ 2

Y

)α1
∣∣∣∣(m ◦ ¯̂

F
(1)
Y ⊗ ¯̂

F
(2)
Y

)α2

−
(
m ◦ F̄ ⊗ 2

Y

)α2
∣∣∣∣

≤ E

∫
R2

∣∣∣ (m ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)α1
−
(
m ◦ F ⊗ 2

Y

)α1
∣∣∣ (m ◦ F̄ ⊗ 2

Y

)α2

+ E

∫
R2

∣∣∣∣(m ◦ ¯̂
F

(1)
Y ⊗ ¯̂

F
(2)
Y

)α2

−
(
m ◦ F̄ ⊗ 2

Y

)α2
∣∣∣∣ (m ◦ F ⊗ 2

Y

)α1

+ E

∫
R2

∣∣∣ (m ◦ F̂
(1)
Y ⊗ F̂

(2)
Y

)α1
−
(
m ◦ F ⊗ 2

Y

)α1
∣∣∣ ∣∣∣ (mα2 ◦ ¯̂

F
(1)
Y ⊗ ¯̂

F
(2)
Y

)α2

−
(
m ◦ F̄ ⊗ 2

Y

)α2
∣∣∣

=: A + A′ + B.
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To show that J2 = o(1), it suffices to show that A, A′, B = o(1). Since the terms A and A′ can be
analyzed in a similar fashion, we only show that A, B = o(1).

Term A: We have

A =
∫
R2

E
(∣∣∣(F̂ (1)

Y (y) ∧ F̂
(2)
Y (y′)

)α1 −
(
FY (y) ∧ FY (y′)

)α1
∣∣∣) (F̄Y (y) ∧ F̄Y (y′)

)α2
dydy′.

By Lemma S.3.4, the term E
(∣∣(F̂ (1)

Y (y) ∧ F̂
(2)
Y (y′)

)α1 −
(
FY (y) ∧ FY (y′)

)α1∣∣) goes to 0 as N → ∞
for any fixed y, y′ ∈ R, and is dominated by the quantity 6

(
FY (y) ∧ FY (y′)

)α1 independently of N .
Moreover, ∫

R2

(
FY (y) ∧ FY (y′)

)α1
(
F̄Y (y) ∧ F̄Y (y′)

)α2
dydy′

≤
∫
R2

(
FY (y)FY (y′)

)α1/2(
F̄Y (y)F̄Y (y′)

)α2/2
dydy′

=
(∫

R2
FY (y) α1/2F̄Y (y)α2/2 dy

)2
.

The latter integral converges since α1/2 > d1 and α2/2 > d2 by Assumption 2(iv). By the domi-
nated convergence theorem, we obtain that A → 0 as N → ∞.

Term BN : By the Cauchy–Schwarz inequality, we have

B = E

∫
R2

∣∣∣ (F̂
(1)
Y (y) ∧ F̂

(2)
Y (y′)

)α1
−
(
FY (y) ∧ FY (y′)

)α1
∣∣∣dydy′

×
∣∣∣ ( ¯̂

F
(1)
Y (y) ∧ ¯̂

F
(2)
Y (y′)

)α2

−
(
F̄Y (y) ∧ F̄Y (y′)

)α2
∣∣∣dydy′

≤
∫
R2

E1/2
[∣∣∣ (F̂

(1)
Y (y) ∧ F̂

(2)
Y (y′)

)α1
−
(
FY (y) ∧ FY (y′)

)α1
∣∣∣2]

× E1/2
[∣∣∣ ( ¯̂

F
(1)
Y (y) ∧ ¯̂

F
(2)
Y (y′)

)α2

−
(
F̄Y (y) ∧ F̄Y (y′)

)α2
∣∣∣2] dydy′. (S.2.2)

Now, by Lemma S.3.3 and Jensens’s inequality, we have

E1/2
[∣∣∣ (F̂

(1)
Y (y) ∧ F̂

(2)
Y (y′)

)α1
−
(
FY (y) ∧ FY (y′)

)α1
∣∣∣2]

≤ Eα1/2
[∣∣∣F̂ (1)

Y (y) − FY (y)
∣∣∣2 ∧ FY (y′)2

]
+ Eα1/2

[∣∣∣F̂ (2)
Y (y′) − FY (y′)

∣∣∣2 ∧ FY (y)2
]

+ Eα1/2
[∣∣∣F̂ (1)

Y (y) − FY (y)
∣∣∣2 ∧

∣∣∣F̂ (2)
Y (y′) − FY (y′)

∣∣∣2]

≤
(

2FY (y)F̄Y (y)
n1

)α1/2

∧ FY (y′)α1 +
(

2FY (y′)F̄Y (y′)
n1

)α1/2

∧ FY (y)α1

+
(

2FY (y)F̄Y (y)
n1

)α1/2

∧
(

2FY (y′)F̄Y (y′)
n1

)α1/2

,

where, in the last inequality, we used that, for any two random variables U, V , it holds that
E(U ∧ V ) ≤ E(U) ∧ E(V ). The second factor can be controlled analogously. Therefore, by (S.2.2),
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we have

B ≲
∫
R2

{(
FY (y)F̄Y (y)

n1

)α1/2

∧ FY (y′)α1 +
(

FY (y′)F̄Y (y′)
n1

)α1/2

∧ FY (y)α1

+
(

FY (y)F̄Y (y)
n1

)α1/2

∧
(

FY (y′)F̄Y (y′)
n1

)α1/2}

×
{(

FY (y)F̄Y (y)
n1

)α2/2

∧ F̄Y (y′)α2 +
(

FY (y′)F̄Y (y′)
n1

)α2/2

∧ F̄Y (y)α2

+
(

FY (y)F̄Y (y)
n1

)α2/2

∧
(

FY (y′)F̄Y (y′)
n1

)α2/2}
dydy′

=: 6
∫
R2

{
M1(y, y′) + M2(y, y′) + M3(y, y′)

}{
N1(y, y′) + N2(y, y′) + N3(y, y′)

}
dydy′.

We now prove that
∫
R2

Mi(y, y′)Nj(y, y′) dydy′ = o(1) for any i, j ∈ {1, 2, 3}. Using that x ∧ y ≤

(xy)1/2 for all x, y ∈ [0, 1], we have∫
R2

M1(y, y′)N1(y, y′) dy dy′

=
∫
R2

M2(y, y′)N2(y, y′) dy dy′

=
∫
R2

(FY (y)F̄Y (y)
n1

)α1/2

∧ FY (y′)α1

×

(FY (y)F̄Y (y)
n1

)α2/2

∧ F̄Y (y′)α2

 dydy′

≤
∫
R2

(
FY (y)F̄Y (y)

n1

)(α1+α2)/2

FY (y′)α1/2F̄Y (y′)α2/2dydy′

= o(1),

where the convergence follows from Assumption 4(iv) and Lemma 6. Next,∫
R2

M1(y, y′)N3(y, y′)dydy′ =
∫
R2

M2(y, y′)N3(y, y′)dydy′

≤
∫
R2

(
FY (y′)F̄Y (y′)

n1

)α1/2(
FY (y)F̄Y (y)

n1

)α2/2

dydy′

= o(1),

where, again, the convergence follows from Assumption 4(iv) and Lemma 6. The terms
∫
R2

M2(y, y′)N1(y, y′) dy dy′ =∫
R2

M1(y, y′)N2(y, y′) dy dy′,
∫
R2

M3(y, y′)N1(y, y′) dy dy′ =
∫
R2

M3(y, y′)N2(y, y′) dy dy′ and
∫
R2

M3(y, y′)N3(y, y′) dy dy′

can be controlled analogously, which concludes the proof of the claim B = o(1).

Third, we show that J3 = o(1). This follows from
∣∣∣F̃ (1)

Y (y) − FY (y)
∣∣∣β ≤ 1, g ≤ C2

U , and Lemma 9.

Fourth, we show that J4 = o(1). Notice that

sup
y∈R

(
hβ

F̂
(1)
Y (y)

+ hβ̂̂
F

(1)

Y (y)
+ hβ

F̂
(2)
Y (y′)

+ hβ̂̂
F

(2)

Y (y′)

)
≤ 4εn2 = o(1).
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Hence,

J4 ≤ 64c2
U ε2

n2E

[(∫
R2

Ω
(
F̃

(1)
Y (y), F̃

(2)
Y (y′)

)
dydy′

)2
]

+ 4E

(∫
R2

(∣∣∣F̂ (1)
Y (y) − ̂̂

F
(1)
Y (y)

∣∣∣β +
∣∣∣F̂ (2)

Y (y′) − ̂̂
F

(2)
Y (y′)

∣∣∣β) Ω
(
F̃

(1)
Y (y), F̃

(2)
Y (y′)

)
dydy′

)2


= o(1) + 4E

(∫
R2

(∣∣∣F̂ (1)
Y (y) − ̂̂

F
(1)
Y (y)

∣∣∣β +
∣∣∣F̂ (2)

Y (y′) − ̂̂
F

(2)
Y (y′)

∣∣∣β) Ω
(
F̃

(1)
Y (y), F̃

(2)
Y (y′)

)
dydy′

)2
 ,

where the last equality follows from

E

[(∫
R2

Ω
(
F̃

(1)
Y (y), F̃

(2)
Y (y′)

)
dydy′

)2
]

= (1 + O(εn2))2 E

[(∫
R2

Ω
(
F̂

(1)
Y (y), F̂

(2)
Y (y′)

)
dydy′

)2
]

which is finite by Lemma 9 since 1 − 2bj > 2dj for j ∈ {1, 2} by Assumption 2(iv). The remaining
term can be shown to converge to zero by adding and subtracting FY (y) and FY (y′) inside each
absolute value, respectively, by using the sub-additivity of x 7→ |x|β, and by following a reasoning
similar to Step 1.A above for showing that J1 = o(1) as N → ∞.
Fifth, that J5 = o(1) follows by adding and subtracting Ω(FY (y), FY (y′)) inside the absolute value
and by following a reasoning similar to the reasoning above for showing that J2 = o(1) as N → ∞.
□

Lemma S.2.2 For k ∈ {6, 7, 8}: E[|Jk|] = o(1) as N → ∞.

Proof: First, we show that E[|J6|] = o(1). Using symmetry, we have the decomposition

E[|J6|]

≤E

[∫
[0,1]4

cov
(
f̂

(1)
U (s), f̂

(1)
U (s′)

)
cov

(
f̂

(1)
U (t), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]

+ E

(∫
[0,1]2

cov
(
f̂

(1)
U (s), f̂

(1)
U (t)

)
dµ̂Y(s, t)

)2


+ 2E

[∫
[0,1]4

E
(
f̂

(1)
U (s)

)
E
(
f̂

(1)
U (s′)

)
cov

(
f̂

(1)
U (t), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]

+ 2E

[∫
[0,1]4

E
(
f̂

(1)
U (s)

)
E
(
f̂

(1)
U (t)

)
cov

(
f̂

(1)
U (s′), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]

=o(1),

where the convergence follows by Lemma S.2.3.
Second, we show that E [|J7| + |J8|] = o(1). By the Cauchy–Schwarz inequality, we have

E [|J7| + |J8|]

≤ E

(∫
[0,1]2

cov
(
f̂

(1)
U (s), f̂

(1)
U (t)

)
dµ̂Y(s, t)

)2

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+ E1/2

(∫
[0,1]2

cov
(
f̂

(1)
U (s), f̂

(1)
U (t)

)
dµ̂Y(s, t)

)2
E1/2

(∫
[0,1]2

eY(s)eY(t)dµ̂Y(s, t)
)2
 .

By Lemma S.2.3(i) below, we have E

[(∫
[0,1]2 cov

(
f̂

(1)
U (s), f̂

(1)
U (t)

)
dµ̂Y(s, t)

)2
]

= o(1). To show

that E [|J7| + |J8|] = o(1), it now remains to prove that E

[(∫
[0,1]2 eY(s)eY(t)dµ̂Y(s, t)

)2
]

= O(1).

We recall the definition of f̃
(1)
U from (29) and will slightly abuse notation by writing hs instead of

hn2,s. We have, for any s ∈ [0, 1],

eY(s) = E
[
f̃

(1)
U (s)

∣∣Y] = 1
2hs

Pr (|U − s| ≤ hs)

= FU (s + hs) − FU (s − hs)
2hs

= fU (s̃)

≤ C̃U

s b1 s̄ b2
,

for some absolute constant C̃U > 0 where we used the mean value theorem for some s̃ ∈ [s−hs, s+hs]
in the third line, and Lemma S.2.4 in the last line. We therefore obtain

E

(∫
[0,1]2

eY(s) eY(t) dµ̂Y(s, t)
)2


≤ E

(∫
[0,1]2

C̃2
U

(st)b1(s̄t̄)b2
(s ∧ t)(s̄ ∧ t̄) d(F̂ (1)

Y )−1(s) d(F̂ (2)
Y )−1(t)

)2


≤ E

(∫
[0,1]2

C̃2
U

(s ∧ t)2b1(s̄ ∧ t̄)2b2
(s ∧ t)(s̄ ∧ t̄) d(F̂ (1)

Y )−1(s) d(F̂ (2)
Y )−1(t)

)2


= C̃4
U E

(∫
[0,1]2

(s ∧ t)1−2b1(s̄ ∧ t̄)1−2b2 d(F̂ (1)
Y )−1(s) d(F̂ (2)

Y )−1(t)
)2
 ,

which is finite by Lemma 9 since 1 − 2bj > 2dj for j ∈ {1, 2} by Assumption 2(iv). □

Lemma S.2.3 It holds that

(i) E

[(∫
[0,1]2 cov

(
f̂

(1)
U (s), f̂

(1)
U (t)

)
dµ̂Y(s, t)

)2
]

= o(1).

(ii) E
[∫

[0,1]4 cov
(
f̂

(1)
U (s), f̂

(1)
U (s′)

)
cov

(
f̂

(1)
U (t), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]
= o(1).

(iii) E
[∫

[0,1]4 E
(
f̂

(1)
U (s)

)
E
(
f̂

(1)
U (s′)

)
cov

(
f̂

(1)
U (t), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]
= o(1).

(iv) E
[∫

[0,1]4 E
(
f̂

(1)
U (s)

)
E
(
f̂

(1)
U (t)

)
cov

(
f̂

(1)
U (s′), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]
= o(1).
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Proof: For ease of notation, we will write n and F̂ (j) instead of n2 and F̂
(j)
Y respectively throughout

the proof. We have, for any s, t ∈ (0, 1),

cov
(
f̂

(1)
U (s), f̂

(1)
U (t)

)
= E

 1
n2hsht

n/2∑
i=1

1|Ui−s|≤hs

n/2∑
j=1

1|Uj−t|≤ht

− 1
n2hsht

E

n/2∑
i=1

1|Ui−s|≤hs

E

n/2∑
j=1

1|Uj−t|≤ht



= 1
n2hsht

E

∑
i ̸=j

1|Ui−s|≤hs
1|Uj−t|≤ht

+
n∑

i=1
1|Ui−s|≤hs

1|Ui−t|≤ht


− 1

hsht
Pr
(
|U − s| ≤ hs

)
Pr
(
|U − t| ≤ ht

)
≤ 1

hsht
Pr
(
|U − s| ≤ hs

)
Pr
(
|U − t| ≤ ht

)
+ 1

nhsht
Pr
(
|U − s| ≤ hs and |U − t| ≤ ht

)
− 1

hsht
Pr
(
|U − s| ≤ hs

)
Pr
(
|U − t| ≤ ht

)
= 1

nhsht
Pr
(
|U − s| ≤ hs and |U − t| ≤ ht

)
.

Moreover, by Lemma S.3.7 below, we have that |s−t| ≤ 7hs and ht ≥ hs/6 whenever |s−t| ≤ hs+ht.
Therefore,

1
nhsht

Pr
(
|U − s| ≤ hs and |U − t| ≤ ht

)
≤ 1

nhsht
Pr
(
|U − s| ≤ hs and |s − t| ≤ hs + ht

)
= 1

nhsht
Pr
(
|U − s| ≤ hs

)
1 {|s − t| ≤ hs + ht}

≤ 1
nhs · (hs/6) · 2hsfU (s̃)1{|s − t| ≤ 7hs}

≤ 12
nhs

C̃U

sb1 s̄ b2
1{|s − t| ≤ 7hs}

=: C

nhs

1
sb1 s̄ b2

1{|s − t| ≤ 7hs}.

Therefore,
cov
(
f̂

(1)
U (s), f̂

(1)
U (t)

)
≤ C

nhs

1
sb1 s̄ b2

1{|s − t| ≤ 7hs}.

Whenever |s − t| ≤ 7hs, we have t ≤ s + 7hs ≤ 5s since hs ≤ 1
2ss̄, and similarly, t̄ ≤ 5s̄. Letting

n′
1 = n1/2, we have

E

(∫
[0,1]2

cov
(
f̂

(1)
U (s), f̂

(1)
U (t)

)
dµ̂Y(s, t)

)2


≤E

(∫
[0,1]2

C

nhs

1
sb1 s̄ b2

1{|s − t| ≤ 7hs}dµ̂Y(s, t)
)2

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=E

(∫
[0,1]2

C

nhs

1
sb1 s̄ b2

1
{
|s − t| ≤ 7hs

}
(s ∧ t)(s̄ ∧ t̄) d(F̂ (1))−1(s) d(F̂ (2))−1(t)

)2


≤E

(∫
[0,1]2

C

nhs

1
sb1 s̄ b2

1
{
|s − t| ≤ 7hs

}
· 5s · 5s̄ · d(F̂ (1))−1(s) d(F̂ (2))−1(t)

)2


=(25C)2E

( 1
n

∫
[0,1]

s1−b1 s̄1−b2

(
1
hs

∫
[0,1]

1
{
|s − t| ≤ 7hs

}
d(F̂ (2))−1(t)

)
d(F̂ (1))−1(s)

)2


≲E

( 1
n

∫
[0,1]

s1−b1 s̄1−b2 (F̂ (2))−1 (s + 7hs) − (F̂ (2))−1 (s − 7hs)
hs

d(F̂ (1))−1(s)
)2


=E


 1

n

∫
[0,1]

s1−b1 s̄1−b2
Y

(2)
(⌈n′

1s+7n′
1hs⌉) − Y

(2)
(⌈n′

1s−7n′
1hs⌉)

hs
d(F̂ (1))−1(s)

2

=E


 1

n

n′
1−1∑

k=1

(
k

n′
1

)1−b1 (n′
1 − k

n′
1

)1−b2 Y
(2)

(⌈k+7n′
1hk/n′

1
⌉) − Y

(2)
(⌈k−7n′

1hk/n′
1

⌉)

hk/n′
1

(
Y

(1)
(k+1) − Y

(1)
(k)

)
2

= 1
n2ε2

n

n′
1−1∑

k,ℓ=1

(
kℓ

(n′
1)2

)−b1 ((n′
1 − k)(n′

1 − ℓ)
(n′

1)2

)−b2

E
[ (

Y
(2)

(⌈k+7n′
1hk/n′

1
⌉) − Y

(2)
(⌈k−7n′

1hk/n′
1

⌉)

)(
Y

(1)
(k+1) − Y

(1)
(k)

)

×
(

Y
(2)

(⌈ℓ+7n′
1hℓ/n′

1
⌉) − Y

(2)
(⌈ℓ−7n′

1hℓ/n′
1

⌉)

)(
Y

(1)
(ℓ+1) − Y

(1)
(ℓ)

) ]

≤ 1
n2ε2

n

n′
1−1∑

k,ℓ=1

(
kℓ

(n′
1)2

)−b1 ((n′
1 − k)(n′

1 − ℓ)
(n′

1)2

)−b2

E
[ (

Y
(2)

(⌈k+7n′
1hk/n′

1
⌉) − Y

(2)
(⌈k−7n′

1hk/n′
1

⌉)

)2

×
(

Y
(1)

(⌈ℓ+7n′
1hℓ/n′

1
⌉) − Y

(1)
(⌈ℓ−7n′

1hℓ/n′
1

⌉)

)2 ]

=

 1
nεn

n′
1−1∑

k=1

(
k

n′
1

)−b1 ((n′
1 − k)
n′

1

)−b2

E
[ (

Y
(1)

(⌈k+7n′
1hk/n′

1
⌉) − Y

(1)
(⌈k−7n′

1hk/n′
1

⌉)

)2]2

≲
( 1

nεn

n′
1−1∑

k=1

(
k

n′
1

)−b1 (n′
1 − k

n′
1

)−b2

 hk/n′
1

+ 1
n′

1(
k

n′
1

)1+d1 (n′
1−k
n′

1

)1+d2


2 )2

,

where we used the independence between (Y (1)
i )i and (Y (2)

j )j to obtain the second to last line, and
Lemma S.3.1 below in the last inequality.
Next, since n1 ≍ n2, we have

1
nεn

n′
1−1∑

k=1

(
k

n′
1

)−b1 (n′
1 − k

n′
1

)−b2

 hk/n′
1

+ 1
n′

1(
k

n′
1

)1+d1 (n′
1−k
n′

1

)1+d2


2
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≤ 2
nεn

n′
1−1∑

k=1

(
k

n′
1

)−b1−2(1+d1) (n′
1 − k

n′
1

)−b2−2(1+d2)(
h2

k
n′

1

+ 1
(n′

1)2

)

≍2εn

n

n′
1−1∑

k=1

(
k

n′
1

)−b1−2d1 (n′
1 − k

n′
1

)−b2−2d2

+ 2
n3εn

n′
1−1∑

k=1

(
k

n′
1

)−b1−2(1+d1) (n′
1 − k

n′
1

)−b2−2(1+d2)

≲
2εn

n

n′
1−1∑

k=1

[(
k

n′
1

)−b1−2d1

+
(

n′
1 − k

n′
1

)−b2−2d2
]

+ 2
n3εn

n′
1−1∑

k=1

[(
k

n′
1

)−b1−2(1+d1)
+
(

n′
1 − k

n′
1

)−b2−2(1+d2)]
.

In the last step, we used the relation xu(1 − x)v ≲ xu + (1 − x)v for u, v ∈ R and any x ∈ (0, 1).
Fix j ∈ {1, 2}. Under Assumption 4(iv), we have

2εn

n

n′
1−1∑

k=1

(
k

n′
1

)−bj−2dj

≲ εn = o(1),

and

2
n3εn

n′
1−1∑

k=1

(
k

n′
1

)−bj−2(1+dj)
≲

nbj+2(1+dj)

n3εn
= o(1),

which implies that

1
nεn

n′
1−1∑

k=1

(
k

n′
1

)−b1 (n′
1 − k

n′
1

)−b2

 hk/n′
1

+ 1
n′

1(
k

n′
1

)1+d1 (n′
1−k
n′

1

)1+d2


2

= o(1).

This completes the proof of Point 1.
As for Point 2, an analogous reasoning yields

E

[∫
[0,1]4

cov
(
f̂

(1)
U (s), f̂

(1)
U (s′)

)
cov

(
f̂

(1)
U (t), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]

≤E

[∫
[0,1]4

C2

n2hs

ss̄

sb1 s̄ b2
1{|s − s′| ≤ 7hs} 1

ht′

t′t̄′

t′b1 t̄′ b2
1{|t′ − t| ≤ 7ht′}dµ̂Y(s, t, s′, t′)

]

=C2E

[ 1
n

∫
[0,1]

s1−b1 s̄1−b2
Y

(1)
(⌈n′

1s+7n′
1hs⌉) − Y

(1)
(⌈n′

1s−7n′
1hs⌉)

hs
d(F̂ (1))−1(s)



×

 1
n

∫
[0,1]

t′1−b1 t̄′1−b2
Y

(2)
(⌈n′

1t′+7n′
1ht′ ⌉) − Y

(2)
(⌈n′

1t′−7n′
1ht′ ⌉)

ht′
d(F̂ (2))−1(t′)

]

=C2E

 1
n

∫
[0,1]

s1−b1 s̄1−b2
Y

(1)
(⌈n′

1s+7n′
1hs⌉) − Y

(1)
(⌈n′

1s−7n′
1hs⌉)

hs
d(F̂ (1))−1(s)



× C2E

 1
n

∫
[0,1]

t′1−b1 t̄′1−b2
Y

(2)
(⌈n′

1t′+7n′
1ht′ ⌉) − Y

(2)
(⌈n′

1t′−7n′
1ht′ ⌉)

ht′
d(F̂ (2))−1(t′)

 ,
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where the last equality follows from independence between the samples (Y (1)
i )i and (Y (2)

i )i. That
each expectation in the upper bound is o(1) follows from the Cauchy–Schwarz inequality together
with the same arguments used in the proof of Point 1.
As for Point 3, we have

E

[∫
[0,1]4

E
(
f̂

(1)
U (s)

)
E
(
f̂

(1)
U (s′)

)
cov

(
f̂

(1)
U (t), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]

≤CC̃2
U E

[(∫
[0,1]

s1−b1 s̄1−b2d(F̂ (1))−1(s)
)(∫

[0,1]
s′1/2−b1 s̄′1/2−b2

d(F̂ (1))−1(s′)
)

×

 1
n

∫
[0,1]

t′1/2
t̄′1/2 Y

(2)
(⌈n′

1t′+7n′
1ht′ ⌉) − Y

(2)
(⌈n′

1t′−7n′
1ht′ ⌉)

ht′
d(F̂ (2))−1(t′)

]

≤CC̃2
U E1/2

(∫
[0,1]

s1−b1 s̄1−b2d(F̂ (1))−1(s)
)2
E1/2

(∫
[0,1]

s′1/2−b1 s̄′1/2−b2
d(F̂ (1))−1(s′)

)2


× E

 1
n

∫
[0,1]

t′1/2
t̄′1/2 Y

(2)
(⌈n′

1t′+7n′
1ht′ ⌉) − Y

(2)
(⌈n′

1t′−7n′
1ht′ ⌉)

ht′
d(F̂ (2))−1(t′)

 ,

where the last inequality follows from the Cauchy–Schwarz inequality and independence between
the samples (Y (1)

i )i and (Y (2)
i )i. That the upper bound is o(1) follows from the first two expectations

being bounded (by Lemma 9) and the last expectation being o(1) by the Cauchy–Schwarz inequality
and the same arguments used in the proof of Point 1.
Finally, as for Point 4, we have

E

[∫
[0,1]4

E
(
f̂

(1)
U (s)

)
E
(
f̂

(1)
U (t)

)
cov

(
f̂

(1)
U (s′), f̂

(1)
U (t′)

)
dµ̂Y(s, t, s′, t′)

]

≤CC̃2
U E

[(∫
[0,1]

s1/2−b1 s̄1/2−b2d(F̂ (1))−1(s)
)(∫

[0,1]
t1/2−b1 t̄1/2−b2d(F̂ (2))−1(t)

)

×

 1
n

∫
[0,1]

s′1−b1 s̄′1−b2
Y

(2)
(⌈n′

1s′+7n′
1hs′ ⌉) − Y

(2)
(⌈n′

1s′−7n′
1hs′ ⌉)

hs′
d(F̂ (1))−1(s′)

]

≤CC̃2
U E1/2

(∫
[0,1]

s1/2−b1 s̄1/2−b2d(F̂ (1))−1(s)
)2
E1/2

(∫
[0,1]

t1/2−b1 t̄1/2−b2d(F̂ (2))−1(t)
)2


× E1/2

 1
n

∫
[0,1]

s′1/2
s̄′1/2 Y

(2)
(⌈n′

1s′+7n′
1hs′ ⌉) − Y

(2)
(⌈n′

1s′−7n′
1hs′ ⌉)

hs′
d(F̂ (1))−1(s′)

 ,

where the last inequality follows from the Cauchy–Schwarz inequality and independence between
the samples (Y (1)

i )i and (Y (2)
i )i. That the upper bound is o(1) follows from the first two expectations

being bounded (by Lemma 9) and the last expectation being o(1) by the Cauchy–Schwarz inequality
and the same arguments used in the proof of Point 1.

□
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Lemma S.2.4 There exists some absolute constant C̃U > 0 such that, for all s, s̃ ∈ (0, 1) such that
s̃ ∈ [s − hs, s + hs],

fU (s̃) ≤ C̃U

s b1 s̄ b2
.

Proof: Without loss of generality, assume that s ∈ (0, 1/2] (the symmetric case s ∈ [1/2, 1) can be
treated analogously). By Assumption 2(iii), we have

fU (s̃) ≤ CU

s̃b1 ¯̃sb2
.

If s ∈ [1/4, 1/2] then s̃ ∈ [1/8, 3/4] since we have hs ≤ 1
2ss̄ by definition. We then obtain

fU (s̃) ≤ C ≤ C ′

sb1 s̄b2

for some absolute constant C ′ > 0. Otherwise, s ∈ (0, 1/4] so that s̃ ≤ 1/2 and s̃ ≥ s/2. We
therefore obtain

fU (s̃) ≤ CU

s̃b1 ¯̃sb2
≤ CU

(s/2)b1(1/2)b2
≤ 2b1+b2CU

s b1 s̄ b2
≤ 2CU

s b1 s̄ b2
.

□

Lemma S.2.5

E

∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

I(y, y′)dydy′

 = o(1), (S.2.3)

E

∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

II(y, y′)dydy′

 = o(1), (S.2.4)

E

∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

III(y, y′)dydy′

 = o(1). (S.2.5)

Proof: First, we show (S.2.3). By independence of U2 from (Z1, . . . , Zn3 , Y1, . . . , Yn1 , X1), we have

∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

I(y, y′)dydy′

=
∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

× EY
[∣∣∣1{∣∣∣Û (1) − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
× PrY

(∣∣∣U2 − F̂
(2)
Y (y′)

∣∣∣ ≤ h
F̂

(2)
Y (y′)

)
dydy′

=
∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)
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× EY
[∣∣∣1{∣∣∣Û (1) − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
× fU (F̃Y (y′))dydy′,

by the mean-value theorem for some F̃Y (y′) ∈ (F̂ (2)
Y (y′) ± h

F̂
(2)
Y (y′)). Fix δ > 0 such that δ <

1 − 2[(b1 + d1) ∨ (b2 + d2)] which exists by Assumption 2(iv). We have for all y, y′ ∈ R

w(F̂ (1)
Y (y), F̂

(2)
Y (y′)) ≤ F̂

(1)
Y (y)1−b1−d1−δF̂

(2)
Y (y′)b1+d1+δ ¯̂

F
(1)
Y (y)1−b2−d2−δ ¯̂

F
(2)
Y (y′)b2+d2+δ.

Hence,

∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

I(y, y′)dydy′

≲
∫
R2

F̂
(1)
Y (y)1−b1−d1−δF̂

(2)
Y (y′)b1+d1+δ ¯̂

F
(1)
Y (y)1−b2−d2−δ ¯̂

F
(2)
Y (y′)b2+d2+δ

h
F̂

(1)
Y (y)

× EY
[∣∣∣1{∣∣∣Û1 − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
× (F̃ (2)

Y (y′))−b1( ¯̃
F

(2)
Y (y′))−b2dydy′

≲
1
εn

∫
R2

F̂
(1)
Y (y)−b1−d1−δF̂

(2)
Y (y′)d1+δ ¯̂

F
(1)
Y (y)−b2−d2−δ ¯̂

F
(2)
Y (y′)d2+δ

× EY
[∣∣∣1{∣∣∣Û1 − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
dydy′,

by Lemma 7. Next, we take the expectation with respect to (Yi)n1
i=1 and split the integration domain

R2 as follows

R2 =
{
D1 × R

}⋃{
D2 × R

}⋃{
D3 × R

}
(S.2.6)

where

D1 =
(

− ∞, (F̂ (1)
Y )−1

(2an√
n

)]
,

D2 =
(
(F̂ (1)

Y )−1
(2an√

n

)
, (F̂ (1)

Y )−1
(
1 − 2an√

n

))
,

D3 =
[
(F̂ (1)

Y )−1
(
1 − 2an√

n

)
, ∞
)
.

Consider the second domain D2. By Lemma S.2.6,

1
εn

∫
D2

F̂
(1)
Y (y)−b1−d1−δF̂

(2)
Y (y′)d1+δ ¯̂

F
(1)
Y (y)−b2−d2−δ ¯̂

F
(2)
Y (y′)d2+δ

×
(
F̂

(1)
Y (y)

)−b1
(

¯̂
F

(1)
Y (y)

)−b2 an√
n

dydy′
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= 2an

εn
√

n

∫ (F̂ (1)
Y )−1(1− 2an√

n
)

(F̂ (1)
Y )−1( 2an√

n
)

F̂
(1)
Y (y)−2b1−d1−δ ¯̂

F
(1)
Y (y)−2b2−d2−δdy

∫
R

F̂
(2)
Y (y′)d1+δ ¯̂

F
(2)
Y (y′)d2+δdy′.

Taking the expectation with respect to (Yi)i and using the Cauchy–Schwarz inequality, the latter
quantity is upper bounded as

2an

εn
√

n
E1/2


∫ (F̂ (1)

Y )−1(1− 2an√
n

)

(F̂ (1)
Y )−1( 2an√

n
)

F̂
(1)
Y (y)−2b1−d1−δ ¯̂

F
(1)
Y (y)−2b2−d2−δdy

2


× E1/2
[(∫

R
F̂

(2)
Y (y′)d1+δ ¯̂

F
(2)
Y (y′)d2+δdy′

)2]

≲
an

εn
√

n
E1/2


∫ (F̂ (1)

Y )−1(1− 2an√
n

)

(F̂ (1)
Y )−1( 2an√

n
)

F̂
(1)
Y (y)−2b1−d1−δ ¯̂

F
(1)
Y (y)−2b2−d2−δdy

2
 by Lemma 9

= o(1)

by Lemma S.2.7 applied with γ1 = −2b1 − d1 − δ ≥ 1
2 − b1 and γ2 = −2b2 − d2 − δ ≥ 1

2 − b2.
We now consider the first domain D1 (the third one D3 can be analyzed in a similar way). We have

1
εn

∫ (F̂ (1)
Y )−1( 2an√

n
)

−∞

∫
R

F̂
(1)
Y (y)−b1−d1−δF̂

(2)
Y (y′)d1+δ ¯̂

F
(1)
Y (y)−b2−d2−δ ¯̂

F
(2)
Y (y′)d2+δ(F̂ (1)

Y (y))1−b1dydy′

≲
1
εn

∫ (F̂ (1)
Y )−1( 2an√

n
)

−∞
F̂

(1)
Y (y)1−2b1−d1−δdy

∫
R

F̂
(2)
Y (y′)d1+δ ¯̂

F
(2)
Y (y′)d2+δdy′.

Moreover, by the Cauchy–Schwarz inequality, we have

E

 1
εn

∫ (F̂ (1)
Y )−1( 2an√

n
)

−∞
F̂

(1)
Y (y)1−2b1−d1−δdy

∫
R

F̂
(2)
Y (y′)d1+δ ¯̂

F
(2)
Y (y′)d2+δdy′



≤ E1/2


 1

εn

∫ (F̂ (1)
Y )−1( 2an√

n
)

−∞
F̂

(1)
Y (y)1−2b1−d1−δdy

2
E1/2

[(∫
R

F̂
(2)
Y (y′)d1+δ ¯̂

F
(2)
Y (y′)d2+δdy′

)2]

= o(1)

by Lemmas 9 and S.2.8.

Second, we show (S.2.4). This follows from the observation that I(y, y′) = IIN (y′, y) and the proof
is analogous to the steps above.

Third, we show (S.2.5). By independence of Û (1) and Û (2), we have

∫
R2

w(F̂ (1)
Y (y), F̂

(2)
Y (y′))

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

III(y, y′)dydy′

=
∫
R2

w
(
F̂

(1)
Y (y), F̂

(2)
Y (y′)

)
h

F̂
(1)
Y (y)hF̂

(2)
Y (y′)

EY

[∣∣∣1{∣∣Û (1) − F̂
(1)
Y (y)

∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣U1 − F̂
(1)
Y (y)

∣∣ ≤ h
F̂

(1)
Y (y)

}∣∣∣
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×
∣∣∣1{∣∣∣Û (2) − F̂

(2)
Y (y′)

∣∣∣ ≤ h
F̂

(2)
Y (y′)

}
− 1

{∣∣∣U2 − F̂
(2)
Y (y′)

∣∣∣ ≤ h
F̂

(2)
Y (y′)

} ∣∣∣× 1{An}
]
dydy′

≤
∫
R2

(F̂ (1)
Y (y)F̂ (2)

Y (y′))1/2( ¯̂
F

(1)
Y (y), ¯̂

F
(2)
Y (y′))1/2

h
F̂

(1)
Y (y)hF̂

(2)
Y (y′)

× EY
[∣∣∣1{∣∣∣Û (1) − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
× EY

[∣∣∣1{∣∣∣Û (2) − F̂
(2)
Y (y′)

∣∣∣ ≤ h
F̂

(2)
Y (y′)

}
− 1

{∣∣∣U2 − F̂
(2)
Y (y′)

∣∣∣ ≤ h
F̂

(2)
Y (y′)

} ∣∣∣× 1{A(2)
n }

]
dydy′

=
(∫

R

(F̂ (1)
Y (y) ¯̂

F
(1)
Y (y))1/2

h
F̂

(1)
Y (y)

EY
[∣∣∣1{∣∣∣Û (1) − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}

− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
dy

)2

=
(∫

R

(F̂ (1)
Y (y) ¯̂

F
(1)
Y (y))−1/2

εn
EY

[∣∣∣1{∣∣∣Û (1) − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
dy

)2

=
(∫

D1∪D2∪D3

1
εn

(F̂ (1)
Y (y) ¯̂

F
(1)
Y (y))−1/2

× EY
[∣∣∣1{∣∣∣Û (1) − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
dy

)2

where the domains Di are defined in (S.2.6). We now show that the latter quantity tends to zero
as N → ∞ by successively placing ourselves on the domains D1, D2 and D3. Consider first the
domain D2. By Lemma S.2.6 and the Cauchy-Schwarz inequality, we have

E
[ ∫

D2

1
εn

(
F̂

(1)
Y (y) ¯̂

F
(1)
Y (y)

)−1/2

× EY
[∣∣∣1{∣∣∣Û (1) − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
dy
]

≲ E1/2

(∫
D2

1
εn

(F̂ (1)
Y (y) ¯̂

F
(1)
Y (y))−1/2 an√

n

(
F̂

(1)
Y (y)

)−b1
(

¯̂
F

(1)
Y (y)

)−b2

dy

)2


= o(1)

by Lemma S.2.7. We now consider the domain D1 (the integral over the domain D3 can be controlled
in a similar way). We have, by Lemma S.2.6

E

[ ∫
D1

1
εn

(
F̂

(1)
Y (y) ¯̂

F
(1)
Y (y)

)−1/2
EY

[∣∣∣1{∣∣∣Û (1) − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}

− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣]dy

]

27



≲ E

[∫
D1

1
εn

(
F̂

(1)
Y (y) ¯̂

F
(1)
Y (y)

)−1/2
F̂

(1)
Y (y)1−b1dy

]

≲ E

[∫
D1

1
εn

F̂
(1)
Y (y)

1
2 −b1dy

]
= o(1)

by Lemma S.2.8. This concludes the proof.

Lemma S.2.6 For any y ∈ R, we have

EY
[∣∣∣1{∣∣∣Û (1)

1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]

≲



an√
n

(
F̂

(1)
Y (y)

)−b1
(

¯̂
F

(1)
Y (y)

)−b2

if F̂
(1)
Y (y) ∧ ¯̂

F
(1)
Y (y) ≥ 2an√

n(
F̂

(1)
Y (y)

)1−b1
if F̂

(1)
Y (y) < 2an√

n( ¯̂
F

(1)
Y (y)

)1−b2
if ¯̂

F
(1)
Y (y) < 2an√

n
.

Proof: We have

EY
[∣∣∣1{∣∣∣Û (1)

1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

}
− 1

{∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

} ∣∣∣× 1{A(1)
n }

]
= Pr Y

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) and

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) and A(1)

n

)

+ PrY

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) and

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) and A(1)

n

)
.

Assume first that F̂
(1)
Y (y) ∧ ¯̂

FY (y) ≥ 2an/
√

n. We have

PrY

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) and

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) and A(1)

n

)

≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) + |Û (1)

1 − U1| ,
∣∣∣U1 − F̂

(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) , |Û (1)

1 − U1| ≤ an√
n

)

≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ∈
[
h

F̂
(1)
Y (y), h

F̂
(1)
Y (y) + an√

n

])

≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ∈
[
h

F̂
(1)
Y (y) − an√

n
, h

F̂
(1)
Y (y) + an√

n

])
.

Similarly, we have

PrY

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) and

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) and A(1)

n

)
≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) ,

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) − |Û (1)

1 − U1| , |Û (1)
1 − U1| ≤ an√

n

)

≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ∈
[
h

F̂
(1)
Y (y) − an√

n
, h

F̂
(1)
Y (y)
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≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ∈
[
h

F̂
(1)
Y (y) − an√

n
, h

F̂
(1)
Y (y) + an√

n

])
.

Now, we have

PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ∈
[
h

F̂
(1)
Y (y) − an√

n
, h

F̂
(1)
Y (y) + an√

n

])

= FU

([
F̂

(1)
Y (y) − h

F̂
(1)
Y (y) − an√

n
, F̂

(1)
Y (y) − h

F̂
(1)
Y (y) + an√

n

])

+ FU

([
F̂

(1)
Y (y) + h

F̂
(1)
Y (y) − an√

n
, F̂

(1)
Y (y) + h

F̂
(1)
Y (y) + an√

n

])

=
[
fU

(
F̃

(1)
Y (y)

)
+ fU

(
F̃

(2)
Y (y)

) ]2an√
n

,

where we used the mean-value theorem for some

F̃
(1)
Y (y) ∈

[
F̂

(1)
Y (y) − h

F̂
(1)
Y (y) − an√

n
, F̂

(1)
Y (y) − h

F̂
(1)
Y (y) + an√

n

]
⊆
[1

6 F̂Y (y), 1 − 1
6

¯̂
F

(1)
Y (y)

]

F̃
(2)
Y (y) ∈

[
F̂

(1)
Y (y) + h

F̂
(1)
Y (y), F̂

(1)
Y (y) + h

F̂
(1)
Y (y) + an√

n

]
⊆
[
F̂Y (y), 1 − 1

6
¯̂
F

(1)
Y (y)

]
,

for N sufficiently large. By Assumption 2(iii), the latter quantity is further upper-bounded as

2
[
fU

(
F̃

(1)
Y (y)

)
+ fU

(
F̃

(2)
Y (y)

) ] an√
n

≤ 2CU

{(
F̃

(1)
Y (y)

)−b1 (1 − F̃
(1)
Y (y)

)−b2 +
(
F̃

(2)
Y (y)

)−b1 (1 − F̃
(2)
Y (y)

)−b2
}

an√
n

≤ 4CU

(1
6 F̂

(1)
Y (y)

)−b1 (1
6

¯̂
F

(1)
Y (y)

)−b2 an√
n

≤ C
(
F̂

(1)
Y (y)

)−b1
(

¯̂
F

(1)
Y (y)

)−b2 an√
n

.

This proves the desired result in the case where F̂
(1)
Y (y) ∧ ¯̂

F
(1)
Y (y) ≥ 2an√

n
.

Assume now that F̂
(1)
Y (y) ∨ ¯̂

F
(1)
Y (y) < 2 an√

n
. By symmetry, assume that F̂

(1)
Y (y) < 2an/

√
n. We

have

PrY

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) and

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) and A(1)

n

)

≤ PrY

(∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

)
≤ PrY

(
U1 ≤ 2F̂

(1)
Y (y)

)
≤
∫ 2F̂

(1)
Y (y)

0
CU t−b1(1 − t)−b2dt

≲
(
F̂

(1)
Y (y)

)1−b1
. (S.2.7)
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Moreover,

PrY

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y) and

∣∣∣U1 − F̂
(1)
Y (y)

∣∣∣ > h
F̂

(1)
Y (y) and A(1)

n

)

≤ PrY

(∣∣∣Û (1)
1 − F̂

(1)
Y (y)

∣∣∣ ≤ h
F̂

(1)
Y (y)

)
≤ PrY

(
Û

(1)
1 ≤ 2F̂

(1)
Y (y)

)
. (S.2.8)

Defining n′
3 = n3/2, we have, for all t ∈ [0, 1],

PrY(Û (1)
1 ≤ t) = EY

[
PrY

(
F̂

(1)
Z (X1) ≤ t

∣∣X1
)]

= EY
[
PrY

(
Binomial(n′

3, FZ(X1)) ≤ n′
3t
∣∣X1

)]
.

We place ourselves conditionally on X1. Suppose first that t > FZ(X1). Then we have

PrY
(
Binomial(n′

3, FZ(X1)) ≤ n′
3t
∣∣X1

)
≤ 1.

Otherwise, by Bennett’s inequality (e.g., Theorem 2.9 in Boucheron et al., 2013), for all t ≤ FZ(X1),

PrY
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3, FZ(X1)) ≤ n′
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∣∣X1
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n′
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i.e. PrY
(
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3, U1) ≤ n′
3t
∣∣X1

)
= exp

(
−n′

3U1 h

(
t − U1
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))
,

where h(x) = (1 + x) log(1 + x) − x. Taking expectation on both sides, Assumption 2(iii) yields for
t < 1/4

PrY(Û1 ≤ t) ≤
∫ 2t

0
fU (u)du +

∫ 1

2t
exp

(
−n′

3u h
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t − u

u
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fU (u)du

≲
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∫ 1/2

2t
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u
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+
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u

))
(1 − u)−b2du

≲ t1−b1 +
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∫ ∞

2tcn′
3

exp(−z)z−b1dz + n′b2−1
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∫ ∞
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.

For all t ≥ 1/n′
3,

n′
3

b1−1 exp(−2tcn′
3) ≤ t1−b1 .
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Moreover, for N larger than a constant depending on b1 and b2,

n′
3

b2−1 exp
(

−3
2cn′

3

)
≤ t1−b1 .

It follows that, for all t ≥ 1/n′
3,

PrY(Û1 ≤ t) ≲ t1−b1 .

By taking t = F̂
(1)
Y (y) and combining (S.2.7) and (S.2.8), the result follows. □

Lemma S.2.7 Let γ1 ≥ −1
2 − b1 and γ2 ≥ −1

2 − b2. Then it holds that
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}

≤ an

εn
√

n

{
E1/2

[((2an√
n

)γ1

×
(

(F̂ (1)
Y )−1

(1
2
)

− (F̂ (1)
Y )−1

(2an√
n

)))2]

+ E1/2
[((2an√

n

)γ2

×
(

(F̂ (1)
Y )−1

(
1 − 2an√

n

))
− (F̂ (1)

Y )−1
(1

2
))2]}

.

We handle the first expectation (the second one can be analyzed in a similar way). We have

1
εn

(
an√

n

)1+γ1

E1/2
[(

(F̂ (1)
Y )−1

(1
2
)

− (F̂ (1)
Y )−1

(2an√
n

))2]
. (S.2.9)

Letting n′
1 = n1/2, we recall that the density of ξ(r) is (see, e.g., Equation (2.1.6) in David and

Nagaraja, 2004):
fξ(r)(x) = 1

B(r, n′
1 − r + 1)xrx̄n′

1−r.
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Combining this with Assumption 2(ii) and letting r = ⌈2an
√

n⌉, we have

E

[(
(F̂ (1)

Y )−1
(2an√

n

))2]
= E

[
(F −1

Y (ξ(r)))2
]

≲
∫ 1

0
x−2d1 x̄−2d2 1

B(r, n1 − r + 1)xr−1x̄n′
1−rdx

= B(⌈2an
√

n⌉ − 2d1, n′
1 − ⌈2an

√
n⌉ − 2d2 + 1)

B(⌈2an
√

n⌉, n′
1 − ⌈2an

√
n⌉ + 1)

= Γ(⌈2an
√

n⌉ − 2d1)Γ(n′
1 − ⌈2an

√
n⌉ − 2d2 + 1)

Γ(n′
1 + 1 − 2(d1 + d2))

× Γ(n′
1 + 1)

Γ(⌈2an
√

n⌉)Γ(n′
1 − ⌈2an

√
n⌉ + 1)

≲ (2an

√
n)−2d1n′

1
−2d2n′

1
2(d1+d2) by Lemma S.3.6

≲
(

an√
n

)−2d1

.

By a similar reasoning, there exists a constant C > 0 independent of N such that

E

[(
(F̂ (1)

Y )−1
(1

2
))2]

≤ C.

Plugging this result into (S.2.9) yields

1
εn

(
an√

n

)1+γ1

E1/2
[(

(F̂ (1)
Y )−1

(1
2
)

− (F̂ (1)
Y )−1

(2an√
n

))2]

≲
1
εn

(
an√

n

)1+γ1 ( an√
n

)−d1

= 1
εn

(
an√

n

)1+γ1−d1

= o(1)

since 1 + γ1 − d1 ≥ 1
2 − b1 − d1 > 0 and an = O(log(n)). Similarly,

1
εn

(
an√

n

)1+γ2

E1/2
[(

(F̂ (1)
Y )−1

(
1 − 2an√

n

)
− (F̂ (1)

Y )−1
(1

2
))2

]
= o(1).

□

Lemma S.2.8 For any α ≥ 1
2 − b1, it holds that

E


∫ (F̂ (1)

Y )−1( 2an√
n

)

−∞
F̂

(1)
Y (y)αdy

2
 = o(ε2

n).
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Proof: Let n′
1 = n1/2. We have

E


∫ (F̂ (1)

Y )−1( 2an√
n

)

−∞
F̂

(1)
Y (y)αdy

2


= E


⌈2

√
nan⌉−1∑
i=1

(
i

n′
1

)α (
Y

(1)
(i+1) − Y

(1)
(i)

)2

=
⌈2

√
nan⌉−1∑

i,j=1

(
ij

(n′
1)2

)α

E
[(

Y
(1)

(i+1) − Y
(1)

(i)

) (
Y

(1)
(j+1) − Y

(1)
(j)

)]

≤
⌈2

√
nan⌉−1∑

i,j=1

(
ij

(n′
1)2

)α

E1/2
[(

Y
(1)

(i+1) − Y
(1)

(i)

)2
]

E1/2
[(

Y
(1)

(j+1) − Y
(1)

(j)

)2
]

=

⌈2
√

nan⌉−1∑
i=1

(
i

n′
1

)α

E1/2
[(

Y
(1)

(i+1) − Y
(1)

(i)

)2
]2

≲

 1
n′

1

⌈2
√

nan⌉−1∑
i=1

(
i

n′
1

)α−(1+d1)
2

=

 1
(n′

1)α−d1

⌈2
√

nan⌉−1∑
i=1

i(α−d1)−1

2

≍
(

an
√

n

n

)2(α−d1)

= o(ε2
n),

where the first inequality follows from the Cauchy–Schwarz inequality, the asymptotic inequality
follows from Lemma S.3.5, and the asymptotic equivalence from α − d1 > 0.

□

S.3 Other technical lemmas

Lemma S.3.1 Let n′
1 = n1/2. For all k ∈ {1, . . . , n′

1 − 1}, we have

E

[(
Y

(1)
(⌈k+7n′

1hk/n′
1

⌉) − Y
(1)

(⌈k−7n′
1hk/n′

1
⌉)

)2
]
≲

 hk/n′
1

+ 1
n′

1(
k

n′
1

)1+d1 (n′
1−k
n′

1

)1+d2


2

.

Proof: Let ak = ⌈k −7n′
1hk/n′

1
⌉ and bk = ⌈k +7n′

1hk/n′
1
⌉. We note that we always have bk ≥ ak +1

for any k ∈ {1, . . . , n′
1 − 1}. Suppose that ak ≥ 10 and bk ≤ n′

1 − 10. Then, we have ak ≍ bk ≍ k
and bk − ak ≲ n′

1hk/n′
1
. The result follows from Lemma S.3.5.1.
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Now, suppose that ak ≤ 10 or n′
1 − bk ≤ 10. By symmetry, suppose ak ≤ 10. By the definition of

hk/n′
1
, we have 7n′

1hk/n′
1

< k/12 for n′
1 large enough, so that

⌈k − 7n′
1hk/n′

1
⌉ ≤ 10 =⇒ ⌈11k/12⌉ ≤ 10 =⇒ k ≤ 10.

In particular, we have 7n′
1hk/n′

1
< k/12 < 1, which implies bk = ak + 1. The result follows from

Lemma S.3.5.2. □

Lemma S.3.2 For any y ∈ R and 0 ≤ b1, b2 ≤ 1/2, we have for all j ∈ {1, 2}:

E1/2
[∣∣F̂ (j)

Y (y) − FY (y)
∣∣2(1−2b1)

1{
F̂

(j)
Y (y) ¯̂

F
(j)
Y (y)̸=0

}] ≤
21/2−b1

(
FY (y)F̄Y (y)

)1/2

n
1/2−2b1
1

∧
(

2FY (y)F̄Y (y)
n1

)1/2−b1

E1/2
[∣∣ ¯̂F (j)

Y (y) − F̄Y (y)
∣∣2(1−2b2)

1{
F̂

(j)
Y (y) ¯̂

F
(j)
Y (y) ̸=0

}] ≤
21/2−b2

(
FY (y)F̄Y (y)

)1/2

n
1/2−2b2
1

∧
(

2FY (y)F̄Y (y)
n1

)1/2−b2

.

Proof: To ease notation, we drop the superscript (j) and simply write F̂Y . We define the weights
u = 1/(1 − 2b1) and v = 1/(2b1) that satisfy 1

u + 1
v = 1 and u, v ≥ 1, using the convention that

1/0 = ∞ if b1 = 1/2. By the Hölder inequality, we have

E1/2
[∣∣F̂Y (y) − FY (y)

∣∣2(1−2b1)
1{

F̂Y (y) ¯̂
F Y (y)̸=0

}]

≤ E1/(2u)
[∣∣F̂Y (y) − FY (y)

∣∣2]E1/(2v)
[(
1{

F̂Y (y) ¯̂
F Y (y)̸=0

})v
]

≤
(

2FY (y)F̄Y (y)
n1

) 1−2b1
2 (

Pr
(
F̂Y (y) ̸= 0

)
∧ Pr

( ¯̂
F Y (y) ̸= 0

))b1

≤
(

2FY (y)F̄Y (y)
n1

) 1−2b1
2

(

1 ∧
(

n1FY (y)
2

))b1

∧
(

1 ∧
(

n1F̄Y (y)
2

))b1


=
(

2FY (y)F̄Y (y)
n1

) 1−2b1
2

nb1
1

{
FY (y) ∧ F̄Y (y)

2 ∧ 1
n1

}b1

≤
(

2FY (y)F̄Y (y)
n1

) 1−2b1
2

nb1
1

{
FY (y)F̄Y (y) ∧ 1

n1

}b1

using u ∧ ū ≤ 2uū, ∀u ∈ [0, 1]

=
21/2−b1

(
FY (y)F̄Y (y)

)1/2

n
1/2−2b1
1

∧
(

2FY (y)F̄Y (y)
n1

)1/2−b1

,

which proves the first claim. The second claim can be proved in a similar fashion, following the
same steps as outlined above. □

Lemma S.3.3 For any x, y ∈ R and α ∈ (0, 1], it holds that∣∣∣(F̂ (1)
Y (x) ∧ F̂

(2)
Y (y)

)α −
(
FY (x) ∧ FY (y)

)α∣∣∣ ≤
∣∣∣F̂ (1)

Y (x) − FY (x)
∣∣∣α ∧ FY (y)α

+
∣∣∣F̂ (2)

Y (y) − FY (y)
∣∣∣α ∧ FY (x)α
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+
∣∣∣F̂ (1)

Y (x) − FY (x)
∣∣∣α ∧

∣∣∣F̂ (2)
Y (y) − FY (y)

∣∣∣α,

and the same inequality holds true by replacing F̂
(1)
Y , F̂

(2)
Y , and FY with ¯̂

F
(1)
Y , ¯̂

F
(2)
Y , and F̄Y , respec-

tively.

Proof: Below, we will use the classical inequalities that hold true for any a, b, c ≥ 0 and α ∈ (0, 1]

|a ∧ b − a ∧ c| ≤ a ∧ |b − c|
|aα − bα| ≤ |a − b|α.

By the triangle inequality, we have∣∣(â ∧ b̂
)α −

(
a ∧ b

)α∣∣ ≤
(∣∣(â ∧ b̂

)α −
(
a ∧ b̂

)α∣∣)+
(∣∣(a ∧ b̂

)α −
(
a ∧ b

)α∣∣)
≤
(∣∣âα − aα

∣∣ ∧ b̂α
)

+
(
aα ∧

∣∣b̂α − bα
∣∣)

≤
(∣∣â − a

∣∣α ∧ b̂α
)

+
(
aα ∧

∣∣b̂ − b
∣∣α)

≤
(∣∣â − a

∣∣α ∧ bα
)

+
(
aα ∧

∣∣b̂ − b
∣∣α)

+
∣∣â − a

∣∣α ∧
∣∣b̂ − b

∣∣α.

Applying this with a = FY (x), â = F̂
(1)
Y (x), b = FY (y), and b̂ = F̂

(2)
Y (y) yields the result. □

Lemma S.3.4 For any x, y ∈ R and α ∈ (0, 1], it holds that

E
[∣∣∣(F̂ (1)

Y (x) ∧ F̂
(2)
Y (y)

)α −
(
FY (x) ∧ FY (y)

)α∣∣∣] ≤ 6
(
FY (x) ∧ FY (y)

)α
and E1/2

[∣∣∣(F̂ (1)
Y (x) ∧ F̂

(2)
Y (y)

)α −
(
FY (x) ∧ FY (y)

)α∣∣∣] → 0 as N → ∞.

Proof: By Lemma S.3.3, we have

E
[∣∣∣(F̂ (1)

Y (x) ∧ F̂
(2)
Y (y)

)α −
(
FY (x) ∧ FY (y)

)α∣∣∣] ≤ E

[∣∣∣F̂ (1)
Y (x) − FY (x)

∣∣∣α] ∧ E

[∣∣∣F̂ (2)
Y (y) − FY (y)

∣∣∣α]

+ E

[∣∣∣F̂ (1)
Y (x) − FY (x)

∣∣∣α] ∧ FY (y)α

+ E

[∣∣∣F̂ (2)
Y (y) − FY (y)

∣∣∣α] ∧ FY (x)α. (S.3.1)

We now control the quantity E
[∣∣F̂ (1)

Y (x) − FY (x)
∣∣α] for any fixed x ∈ R. We define the weights

v = 2/α ≥ 1 and u = v
v−1 . These quantities satisfy u ≤ 2/α since v − 1 ≥ 1, and 1

u + 1
v = 1. By
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Hölder’s inequality, we therefore have

E

[∣∣∣F̂ (1)
Y (x) − FY (x)

∣∣∣α] = E

[∣∣F̂ (1)
Y (x) − FY (x)

∣∣α1
F̂

(1)
Y (x)̸=0 + FY (x)α 1

F̂
(1)
Y (x)=0

]

≤ E1/u
[∣∣∣F̂ (1)

Y (x) − FY (x)
∣∣∣αu
]

Pr
(
1

F̂
(1)
Y (x)̸=0

)1/v

+ FY (x)α Pr
(
1

F̂
(1)
Y (x)=0

)

≤ Eα/2
[∣∣F̂ (1)

Y (x) − FY (x)
∣∣2] (1 − F̄Y (x)n1/2

)1/v
+ FY (x)αF̄Y (x)n1/2

≤
(

2FY (x)F̄Y (x)
n1

)α/2 (
1 ∧

(n1
2 FY (x)

))1/v

+ FY (x)αF̄Y (x)n1/2

≤
(2FY (x)

n1

)α/2
∧ FY (x)α + FY (x)αF̄Y (x)n1/2,

where we used Jensen’s inequality in the third line (which can be applied here since αu/2 ≤ 1) and
the inequality 1 − (1 − a)n ≤ 1 ∧ (na) for any a ∈ [0, 1] and n ∈ N in the fourth line. It follows from
the display above that E

[∣∣∣F̂ (1)
Y (x) − FY (x)

∣∣∣α] ≤ 2FY (x)α and that E

[∣∣∣F̂ (1)
Y (x) − FY (x)

∣∣∣α] →
0 as n1 → ∞ for any fixed x. By swapping the roles of x and y, we similarly obtain that
E

[∣∣∣F̂ (2)
Y (y) − FY (y)

∣∣∣α] ≤ 2FY (y)α and that E

[∣∣∣F̂ (2)
Y (y) − FY (y)

∣∣∣α] → 0 as n1 → ∞ for any fixed
y. Combining with (S.3.1) yields that

E
[∣∣∣(F̂ (1)

Y (x) ∧ F̂
(2)
Y (y)

)α −
(
FY (x) ∧ FY (y)

)α∣∣∣] ≤ 6
(
FY (x) ∧ FY (y)

)α
and that E

[∣∣(F̂ (1)
Y (x) ∧ F̂

(2)
Y (y)

)α −
(
FY (x) ∧ FY (y)

)α∣∣] → 0 as N → ∞ for any fixed x, y ∈ R,
which concludes the proof. □

Lemma S.3.5

1. For all a, b ∈ {10, . . . , n1/2 − 10} such that a < b,

E

[(
Y

(1)
(b) − Y

(1)
(a)

)2
]
≲

[(
a

n1

)−(1+d1) (n1 − b

n1

)−(1+d2) (b − a

n1

)]2

.

2. For all k ∈ {1, . . . , 10} ∪ {n1/2 − 11, . . . , n1/2 − 1}:

E

[(
Y

(1)
(k+1) − Y

(1)
(k)

)2
]
≲ n

2(1{k≤10}d1+1{k≥n1/2−11}d2)
1 .

Proof: For ease of notation we drop the superscript (1) and write Y(a), Y(b) instead of Y
(1)

(a) , Y
(1)

(b) .

1. Suppose that a ≥ 10 and b ≤ n1/2 − 10 such that a < b.

E

[(
Y(b) − Y(a)

)2
]

= E

[(
F −1

Y

(
ξ(b)
)

− F −1
Y

(
ξ(a)

) )2]

= E

[(
(F −1

Y )′(ξ̃)
)2 (

ξ(b) − ξ(a)
)2
]
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≤ E

[
ξ̃−2(1+d1)(1 − ξ̃)−2(1+d2)

(
ξ(b) − ξ(a)

)2 (
1
{

ξ̃ ≥ 1/2
}

+ 1
{

ξ̃ ≤ 1/2
})]

,

for some ξ̃ ∈ (ξ(a), ξ(b)). We bound E

[
ξ̃−2(1+d1)(1 − ξ̃)−2(1+d2)

(
ξ(b) − ξ(a)

)2
1
{

ξ̃ ≤ 1/2
}]

, and the
second term in the sum can be analyzed in a similar way. We have

E

[
ξ̃−2(1+d1)(1 − ξ̃)−2(1+d2)

(
ξ(b) − ξ(a)

)2
1
{

ξ̃ ≤ 1/2
}]

≤ 22(1+d2)E

[(
ξ(a)

)−2(1+d1) (
ξ(b) − ξ(a)

)2]
≤ 22dE1/2

[
(ξ(a))−4(1+d1)

]
E1/2

[(
ξ(b) − ξ(a)

)4]
. (S.3.2)

We compute the two expectations in the right-hand side separately. We recall that the density of
ξ(a) at point u ∈ (0, 1) is given by

fξ(a)(u) = n1!
(a − 1)!(n1 − a)!u

a−1(1 − u)n1−a.

Therefore, since a ≥ 10 > 4(1 + d1), we obtain

E
[
ξ

−4(1+d1)
(a)

]
=
∫

(0,1)

n1!
(a − 1)!(n1 − a)!u

a−1−4(1+d1)(1 − u)n1−adu

= n1!
(a − 1)!(n1 − a)!B(a − 4(1 + d1), n1 − a + 1)

= Γ(n1 + 1)
Γ(a)Γ(n1 − a + 1)

Γ(a − 4d)Γ(n1 − a + 1)
Γ(n1 − 4(1 + d1) + 1)

= Γ(n1 + 1)
Γ(n1 − 4(1 + d1) + 1)

Γ(a − 4(1 + d1))
Γ(a)

≲ n
4(1+d1)
1 a−4(1+d1)

=
(

a

n1

)−4(1+d1)
,

where we used Lemma S.3.6 to obtain the inequality. Moreover,

E
[(

ξ(b) − ξ(a)
)4] = E

[
Beta

(
b − a, n1 − b + a + 1

)4]
=

3∏
r=0

b − a + r

n1 + d + r

≍
(

b − a

n1

)4
.

Combining with (S.3.2), we obtain

E

[
ξ̃−2(1+d1)(1 − ξ̃)−2(1+d2)

(
ξ(b) − ξ(a)

)2
1
{

ξ̃ ≤ 1/2
}]

≲
(

a

n1

)−2(1+d1) (b − a

n1

)2
,
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and similarly,

E

[
ξ̃−2(1+d1)(1 − ξ̃)−2(1+d2)

(
ξ(b) − ξ(a)

)2
1
{

ξ̃ ≥ 1/2
}]

≲
(

n1 − b

n1

)−2(1+d2) (b − a

n1

)2
.

Therefore, we obtain

E

[(
Y(b) − Y(a)

)2
]
≲

[(
a

n1

)−2(1+d1)
+
(

n1 − b

n1

)−2(1+d2)](b − a

n1

)2

≍
[(

a

n1

)−(1+d1) (n1 − b

n1

)−(1+d2) (b − a

n1

)]2

.

This completes the case a ≥ 10 and b ≤ n1/2 − 10.
2. Fix k ≤ 10. We recall that, for any u, v ∈ R, the joint density of (Y(k), Y(k+1)) is

fY(k),Y(k+1)(u, v) = fY (u)fY (v)FY (u)k−1F̄Y (v)n1−k−1 n1!
(k − 1)!(n1 − k − 1)!1 {u < v}

(see, e.g. Casella and Berger, 2001, Theorem 5.4.6). We use the change of variables s = FY (u) and
t = FY (v) and the notation dx⃗ = dx1dx2. We obtain

E
[(

Y(k+1) − Y(k)
)2]

=
∫
R2

(v − u)2fY (u)fY (v)FY (u)k−1F̄Y (v)n1−k−1 n1!1 {u < v}
(k − 1)!(n1 − k − 1)!dudv

=
∫

(0,1)2

(
F −1

Y (t) − F −1
Y (s)

)2
sk−1(1 − t)n1−k−1 n1!1 {s < t}

(k − 1)!(n1 − k − 1)!dsdt

=
∫

(0,1)2

(∫ t

s
(F −1

Y )′(x)dx

)2
sk−1(1 − t)n1−k−1 n1!1 {s < t}

(k − 1)!(n1 − k − 1)!dsdt

≤
∫

(0,1)2

(∫ t

s

(
x−(1+d1)(1 − x)−(1+d2))dx

)2
sk−1(1 − t)n1−k−1 n1!1 {s < t}

(k − 1)!(n1 − k − 1)!dsdt

=
∫

(0,1)2

( 2∏
i=1

∫ t

s

(
x

−(1+d1)
i (1 − xi)−(1+d2))dxi

)
sk−1(1 − t)n1−k−1 n1!1 {s < t}

(k − 1)!(n1 − k − 1)!dsdt

=
∫

(0,1)4
sk−11

{
s < min

j
xj

}
(1 − t)n1−k−11

{
t < max

j
xj

}

×
2∏

i=1

(
x

−(1+d1)
i (1 − xi)−(1+d2)) n1!

(k − 1)!(n1 − k − 1)!ds dt dx⃗

=
∫

(0,1)2

minj xk
j

k
· (1 − maxj xj)n1−k

n1 − k

2∏
i=1

(
x

−(1+d1)
i (1 − xi)−(1+d2)) n1!

(k − 1)!(n1 − k − 1)!dx⃗

≤
∫

(0,1)2

2∏
i=1

x
k/2−(1+d1)
i (1 − xi)(n1−k)/2−(1+d2)

(
n1
k

)
dx⃗

=
(

n1
k

)(∫ 1

0
xk/2−(1+d1)(1 − x)(n1−k)/2−(1+d2)dx

)2

38



=
(

n1
k

)[
B
(

k

2 − d1,
n1 − k

2 − d2

)]2

= Γ(n1 + 1)
Γ(k + 1)Γ(n1 − k + 1)

[
Γ(k

2 − d1)Γ(n1−k
2 − d2)

Γ(n1
2 − d1 − d2)

]2

.

Now, note that Γ(k
2 − d1) is a constant, and

Γ(n1 + 1)
Γ(k + 1)Γ(n1 − k + 1)

[
Γ(k

2 − d1)Γ(n1−k
2 − d2)

Γ(n1
2 − d1 − d2)

]2

≍ nk
1

(
n

d1−k/2
1

)2
= n2d1

1 .

This concludes the proof. □

Lemma S.3.6 Let ε > 0. For all a ∈ (−10, 10) and x ∈ (0, ∞) such that x + a > ε, it holds that

Γ(x + a)
Γ(x) ≤ (x + ⌊a⌋)a if a > 0,

Γ(x + a)
Γ(x) ≤ (x − ⌊|a|⌋)a(

1 + 1
1+ε

)⌊|a|⌋+1 if a < 0.

Proof: First, suppose that 0 < a < 1. Then, for all x > 0,

Γ(x + a)
Γ(x) ≤ xa ≤ (x + ⌊a⌋)a,

where the first inequality follows from the right part of Wendel (1948)’s double inequality.
Second, suppose that a ≥ 1. Let u ∈ (0, 1) and define b = a/u. We have

Γ(x + a)
Γ(x) = Γ(x + u)

Γ(x) · Γ(x + 2u)
Γ(x + u) · · · Γ(x + ⌊b⌋u)

Γ(x + (⌊b⌋ − 1)u) · Γ(x + bu)
Γ(x + ⌊b⌋u) .

By applying Wendel (1948)’s inequality to each term in the product, we obtain

Γ(x + a)
Γ(x) ≤ xu(x + u)u · · · (x + (⌊b⌋ − 1)u)u · (x + ⌊b⌋u)u(b−⌊b⌋)

≤ (x + (⌊b⌋ − 1)u)u⌊b⌋(x + ⌊b⌋u)u(b−⌊b⌋)

≤ (x + ⌊b⌋u)u⌊b⌋(x + ⌊b⌋u)u(b−⌊b⌋)

= (x + ⌊b⌋u)a.

Since b 7→ ⌊b⌋ is right-continuous, by taking the limit as u → 1 we obtain

Γ(x + a)
Γ(x) ≤ (x + ⌊a⌋)a.

Third, suppose that −1 < a < 0 and let x̃ = x + a. Then,

Γ(x + a)
Γ(x) = Γ(x̃)

Γ(x̃ + (−a)) ≤ x̃a
(

x̃ + (−a)
x̃

)1−(−a)
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= xa · x

x + a

≤ xa

1 + a
ε−a

≤ xa

1 − 1
1+ε

, (S.3.3)

where the first inequality follows from the left part of Wendel (1948)’s double inequality since
0 < (−a) < 1 and x̃ > 0, the second inequality follows from x + a > ε, and the third inequality
follows from a > −1.
Fourth, suppose that a ≤ −1 and let u ∈ (−1, 0) such that b = a/u. We have

Γ(x + a)
Γ(x) = Γ(x + u)

Γ(x) · Γ(x + 2u)
Γ(x + u) · · · Γ(x + ⌊b⌋u)

Γ(x + (⌊b⌋ − 1)u) · Γ(x + bu)
Γ(x + ⌊b⌋u) .

By applying inequality (S.3.3) to each term in the product, we obtain

Γ(x + a)
Γ(x) ≤ 1(

1 − 1
1+ε

)⌊b⌋+1 xu(x + u)u · · · (x + (⌊b⌋ − 1)u)u(x + ⌊b⌋u)u(b−⌊b⌋)

≤ 1(
1 − 1

1+ε

)⌊b⌋+1 (x + ⌊b⌋u)a.

Since b 7→ ⌊b⌋ is right-continuous, by taking the limit as u → −1 we obtain

Γ(x + a)
Γ(x) ≤ 1(

1 − 1
ε+1

)⌊|a|⌋+1 (x − ⌊|a|⌋)a.

□

Lemma S.3.7 Let s, t ∈ [0, 1] and assume that |s − t| ≤ ε(ss̄ + tt̄) for some ε ≤ 1/2. Then
t t̄ ≤ 6 ss̄, and ss̄ ≤ 6 t t̄.

Proof: The second claim follows from the first one by symmetry of the roles of s and t. We
therefore focus on proving the first claim.
Without loss of generality, assume s ≤ 1/2 (otherwise, it suffices to repeat the following argument
with s̄ and t̄ instead of s and t, respectively). If t ≤ s, then t t̄ ≤ ss̄ and the result follows. Assume
from now on that t > s. By assumption, we have

t − s ≤ ε(ss̄ + t t̄) ≤ ε(s + t) i.e. t ≤ 1 + ε

1 − ε
s,

by rearranging the terms. Hence

t t̄ ≤ t ≤ 1 + ε

1 − ε
s ≤ 1 + ε

1 − ε
s · 2s̄ ≤ 6ss̄.

This completes the proof. □

40



References

Berend, D. and Kontorovich, A. (2013). A sharp estimate of the binomial mean absolute deviation
with applications. Statistics & Probability Letters, 83(4):1254–1259.

Billingsley, P. (1995). Probability and measure. A Wiley-Interscience publication. Wiley, New York
[u.a.], 3. ed edition.

Boucheron, S., Lugosi, G., and Massart, P. (2013). Concentration Inequalities: A Nonasymptotic
Theory of Independence. OUP Oxford.

Casella, G. and Berger, R. (2001). Statistical Inference. Duxbury Resource Center.

Csörgő, M., Csorgo, S., Horváth, L., and Mason, D. M. (1986). Weighted empirical and quantile
processes. The Annals of Probability, pages 31–85.

David, H. and Nagaraja, H. (2004). Order Statistics. Wiley Series in Probability and Statistics.
Wiley.

Hecker, H. (1976). A characterization of the asymptotic normality of linear combinations of order
statistics from the uniform distribution. Ann. Statist., 4(6):1244–1246.

Shorack, G. and Wellner, J. (1986). Empirical Processes with Applications to Statistics. John Wiley
and Sons.

Van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical Processes.
Springer Series in Statistics. Springer, New York, NY.

Wendel, J. G. (1948). Note on the gamma function. The American Mathematical Monthly,
55(9):563–564.

41


