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Abstract
This appendix contains additional lemmas used to prove Theorems 1 and 2.
S.1 Lemmas for Theorem 1
Lemma S.1.1 Forall j € {1,2,3,4}: R; = op(1) as N — .
Proof: First, we show that Ry = op(1). By the triangle inequality, we have
|By| < \/N‘Ffl(?f(m))‘ 'FU(l) - FU(ﬁ(m))‘ + \/N‘FQI(EQ))’ ‘FU(l/nl) - FU(&Q))‘

(S.1.1)
::quw}?nﬂ

‘1 — FU(S(m))’ + \/N‘Yu)‘ ’FU(l/nl) - FU(€(1))‘ :

1
5+d2
4

‘FU(l/m) - FU(f(l))‘ =op (“1 2 > and ‘1 - FU(f(nl))‘ — op <n1§d2) .

Lemma 4 and Markov’s inequality imply

\/N‘Y(l)‘ =0Op (n%+dl> and \/N‘Y(nl)

and it suffices to show that

We show the second result only (the first can de obtained analogously). By the triangle inequality
and the mean value theorem, there exists ¢, € ((n1 —1)/n1 Aep,), (1 —1)/n1 V €(,)) such that

1= Fur(€mn)| < 1= Fu((m = 1)/m)] + [Fu((n = 1)/m) = Fo (§nn))|

1

1
< w1 — u)T2du + e (1 — ey ) T2 (1 — &) + n)
1

ny—1
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b b _
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=nt" (14 0p(1)),
where the last line follows from &) 51, m(1 - §n)) iEXponential(l), and the continuous
mapping theorem. The result follows from by + da < 1/2 by Assumption 2(iv).
Second, we show that Ry = op(1). By Assumption 2(ii)—(iii),

36
\/N‘/ Y FrldRy
0

o €y,
< vt {ea) 2 1/2}‘/0 By dFy| + it {€a) < 1/2}/0 b gy

:| 1-b1—dy

ISRVACE {5(1) > 1/2} + B {nlfm
The first term is op(1) since it converges to zero in L;:
n

B [yt {€n = 1/2}] = varPr (€ 2 1/2) = Y = o(1)

That the second term is op(1) follows from E[;)] = 1/(n1 + 1) and Jensen’s inequality since
b1 + di < 1/2. This shows that

)
VN[ FR Ry | = op(1). (S.1.2)
0
An analogous reasoning shows that
1
VN FyldFy| = op(1). (S.1.3)
&(ny)

It follows that Re = op(1).

Third, we show that R3 = op(1). By the mean value theorem, there exists u,, () € (G, (t),t) such
that

€(n1) B
Ry =VN A o = fo o tn] [Gny — 1 dF;
(1) —/_/

=Vn,
By Assumption 2(iv), there exists § > 0 such that b; + d; < 1/2 — ¢. Further, let §; > 0 be such
that § > 2((51 \Y 52) and

bj+dj < 1/2—5—5j.
Then, let ¢(t) = /2791 (1 — t)1/2_52. From what precedes, we have

&(ny)

|Rs| < sup ‘/ vy (D)]q(8)dFy ' (2). (S.1.4)
t€(071) £y

We now show that the integral term in (S.1.4) tends to 0in L. Let fp, (¢) :=1 {6(1) <t< f(m)} |, (1)]

and let p denote the measure defined as the product of the probability measure on €2, the prob-

ability space on which all random variables are defined, with the measure p on (0,1) such that
dp/dFy' = q. By Lemma 6, u(Q x (0,1)) = [ q(t)dFy'(t) < oo. Moreover,

§n1) PN
E [ L b ®latyary <t>] = e e



First, we show that f,, tends to 0 p-almost surely. By almost-sure convergence of Gy, (t) to t, we
have, for all ¢ € (0,1), un, (t) =2 t. Then, by continuity of fr7, vy, (t) == 0 for all ¢ € (0,1). This
shows that f,, — 0 p-almost-surely. Second, by Corollary(i)—(ii) of Theorem 16.14 in (Billingsley,
1995, p. 218), it is sufficient to show that f,, is uniformly integrable, i.e., that

lim limsup/]l{fn1 > M} fn,dp = 0.

M—=oo Noo

We will show the stronger result that, for all M > 0,

limsup/]l {fn, > M} frn,du=0. (S.1.5)
N—o0
Let M > 0 and v € (1,00) such that
b _ _
< 1+6 51/\b2+(5 (52'
b1 ba

(S.1.6)

v

By Holder’s inequality,

/11 (for > MY fordp < (/ fgldu)l/y (/]1 (o > M} du) v (S.1.7)

First, we show that the first term in the right-hand side of (S.1.7) is O(1).

[ i = /0 E[1{e) <t < &} o (OF] a0dF ()

Let B(t) := Cyt~" (1 — t)7?2. By the triangle inequality, Assumption 2, and since BY is convex
and uy, (t) lies between Gy, (t) and ¢, for all ¢ € (§1),&(n,)), almost surely,

vy (O < B(8)” + B(un, (£))"
<2B@1)" + B(Gn, (1))".

Hence,

[ s | Bty adE (O + / B [1 {0 <t < &} B@u (0] aldF ).

By Lemma 6, for v sufficiently small, the first integral is finite and does not depend on n;. Consider
the second integral. By Lemma 6 again, to show that this integral is O(1) it suffices to show that

vn () 1= B [1{&0) <t < &y} BG ()] alt) SH/27070(1 = 1)/2702 70, (S.1.8)

which we prove below. We have

vny (t) = E {]1 {1 <mGu, (1) < m1} B ((mGa, (1)) /n1>u} a(t)

—biv —bov
1

ni

5 t1/2—b1—6(1 _ t)1/2—b2—6wn1 (t),



where W ~Binomial(n;,t) and

—biv —bov
Wy (1) = (45511 — gy [ﬂ aewemi() (1-) ] |
1

ni

Hence, it suffices to show that wy, (f) = O(1) uniformly in ¢. Since

E []1 {I<W <ni} (Zg_bw (1 — nWl> _bﬂ

—2b1v —2bov
§E1/2l1{1<W<n1}(nW> ]E1/2[]1{1<W<n1}<1_w> ]7
1

ni

it suffices to show

%% —2biv
E []l {1<W < ny} <’I7,> ] < t—2b11/’
1

W —2b2V
1
We show the first result only (the second can be obtained analogously). We have
W> —2biv

ni

_E l]l 1<W< m}]l{W = nlt} <W>_2W]

E[]I{I<W<n1}<

2 ni

+FE

5 t72b1u +E

t
= ¢ 2 n%b“’Pr (W < M ) .

By Hoeffding’s inequality, we have

1
Pr (W < 1%2115) < exp (—8n1t) .

Since 20 exp(—2/8) is bounded on [0, c0) for any § > 0, we have

t
n%b“’Pr (W < 7121) < 2

and thus

%% —2biv
E []1 {1<W <ni} () <t
ni

(S.1.9)

which proves (S.1.9), wy, (t) = O(1), (S.1.8), and in turn that the first term in (S.1.7) is O(1).



Next, we show that the second term in (S.1.7) converges to zero. We have
! 1
/]1 {(Fan > MY} dp = /0 Pr (1 {60y <t < &} o (0] > M) q()dFy ()
1
< / Pr (|vm, ()] > M) q(t)dE;(8). (S.1.10)
0

We have already shown that, for all ¢+ € (0,1), |y, (t)] == 0. It follows that, for all ¢ € (0,1),
|Un, | (t) = op(1). This implies that

lim Pr (v, (t)] > M)q(t) =0, Vte (0,1).

N—o0
Moreover, for all t € (0,1), Pr(|v,, (t)] > M) q(t) < q(t) with fol q(t)dFy ! (t) < oo by Lemma 6. By
the dominated convergence theorem,

1
lim / Pr (|, (£)] > M) q(t)dFy () = 0,
0

N—oo

and (S.1.10) implies that (S.1.5) holds. This completes the proof that

" V " (Dla()ar (1) = o),

£y
and thus

Sn) _
L b 0la(r ) = op(1), (8.1.11)
(1)

To prove R3 = op(1), it is thus sufficient to show that the first term in (S.1.4) is bounded in
probability. By Equation (2) in Chapter 2, Section 7 (p. 141) in Shorack and Wellner (1986), there
exists a Brownian bridge U such that

sup
te(0,1)

Since ||./q|| is a norm, the triangular inequality yields

sup V11 (Gr, (t) — t)'
t€(0,1) q(t)

< teséépl) [U(t)/q(t)] + op(1) = Op(1) +op(1) = Op(1),

by inequality (17) p. 451 in Shorack and Wellner (1986) with a = 0,b = 1/2, and by noticing that
U/q has the same distribution on [0,1/2] and [1/2, 1], and that the integral on the right-hand side
of the inequality is finite for ¢(¢t) = [¢(1 —¢)]* with @ < 1/2. This result, together with (S.1.11) and
(S.1.4), implies that Rz = op(1).

Fourth, we show that Ry = op(1). We have

Ry < m/j“ 2dA(z) + JJV/; (1 — 2)dA(x).
(

n1)

Consider the first term (the second term can be controlled analogously). Let ¢ € (by + di,1/2).
With probability tending to 1, §1) <1 /2. Moreover, on this event, we have, by Assumption 2,

3 1/2
\/N/O . a:dA(m)rS\/NE(lf)é ; 20 dA(z)
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IN -1/ Ol R
< __
< nln1 {nlg(l)} /0 N dFy ().

By Lemma 6, f01/2 201 dFy 1 (z) < oo. The result follows from [nlf(l)]l_‘s = 0Op(1), vV N/n; <1,
and 0 < 1/2.
O

Lemma S.1.2 E[|R5|]] = 0 as N — oco.

Proof: For that purpose, let I,,, ()
and () otherwise. Finally, let Sy, ()

(x, Gp, ()] if Gy, () > 2, I, () = [Gp, (2),2) if Gy, (z) < z,
sgn(Gy, (x) — x). Observe first that

Vi, © Fy 0 Gy, (z) — Vi, 0 Fiy(z) = Sy, () Zn (), (S.1.12)
with

Z(@) = <= Y- [L{U; € Doy (&)} Pl (0))],

1/77,21.

where Py ([a,b]) = Py((a,b]) = Py([a,b)) = Py((a,b)) = Fy(a) — Fy(b) for all (a,b) € [0,1],a < b.
Then,

1
E[|Rs||(&)i] < E [/O [Viz © Fiy 0 Gy — Vi © Fy| dFyl'(&')z}
- /OIE“Vng o Fy oGn1 — Vi, OFU’ ’(52)1] dFljl
1
< [ Elzverie)]” an @)
B /01 V[L{U1 € Iy (2)} (&)i] "/ dFy  (2)

1
< [ 1Py @) 2Py ). (8-1.13)

The first equality follows by Fubini-Tonelli’s theorem, the second inequality uses (S.1.12) and
the Cauchy—Schwarz inequality, and the second equality holds since conditional on the (;);, the
variables 1 {U; € I, (z)} — Py(In,(x)) are i.i.d. with mean zero. As a result,

E[|Rs]] < /01 E [|PU(In1 (;1;)|1/2} dF;l(a:)

< B 1Pu(n, ()] dFy @), (S.1.14)
0

where the first inequality follows by (S.1.13) and Fubini-Tonelli’s theorem, whereas the second is
due to Jensen’s inequality. Now, by the law of large numbers and the continuous mapping theorem,
|Fy (G, (z)) — Fy(z)] Ly 0forallz e [0,1]. Moreover, |Fi7(Gy,(x)) — Fy(x)| < 1. Hence, for all
x €10,1],

E[Fy(z) = Fy(Gn, ())[] = 0.

We now apply the dominated convergence theorem to prove that E[|Rs|]] — 0. Because z
E[|Py(I,,,(x))|]"/? is bounded by 1 for all ny, it is actually enough to bound this function for



x close to 0 and close to 1. Also, by symmetry, we can focus without loss of generality on the
neighborhood of 0. We prove that

E[|Py (L, (2))]] S ' 7" (S.1.15)

Then the result follows by Lemma 6 combined with Assumption 2(iv). To prove (S.1.15), we apply
Lemma 7 with Q,(z) := Gy, (z), Bp(z) = 1, and § < exp(—1)/2. If x > 1/n;, the Cauchy—Schwarz
inequality yields

1 2)71/2

E[|Gn, (z) — 2] < [M} < 2z, (S.1.16)

ni
since ni/z >z Y2 If z < 1/ny, (S.1.16) holds as well by Theorem 1 in Berend and Kontorovich
(2013). Hence, (S.1.16) holds for all = € (0,8/2). Next, let ng € N, ng > 4/(1 — §)2. By Kiefer’s
inequality (see, e.g. Van der Vaart and Wellner, 1996, Corollary A.6.3), we have, for all x € [0, ]
and all ny > ny,

Pr(Gy, (z) > 1/2) < (ex) 1=/ < o

~

Thus, we can apply Lemma 7, which yields (S.1.15).

Lemma S.1.3 For all j € {6,7,8,9}: R; =op(1) as N — oc.

Proof: First, we show that R = 0,(1). We split Rg into three integrals: Rg; is obtained by
integrating along the segment [§ Sy V€a ] Rg 2 is obtained by integrating along the segment
(Cy V&(1)s Cing) NE(np)ls and Re 3 i 1s obtalned by integrating on the segment (((n,) A&(n1), §(ny)l- Let
us ﬁrst focus on Rg 2. By the mean value theorem, for all ¢ € [((1) V §(1), ((ng) A &(ny)]; there exists
un(t) € (Gy, (t), H,, 10G (t)) such that

/ C(n3)N(ny) _ _
/ U*fUOUN] [HngloGnlfGnJ dFyl'
Sy V@) —_—

=N

By Assumption 2(iv), there exists § > 0 such that b; + d; < 1/2 — ¢. Further, let §; > 0 be such
that § > 2(d; V d2) and
bj-i-dj < 1/2—5—5j. (S.1.17)

Then let q(t) = t1/279(1 — t)1/27%2 From what precedes, we have
Vs (HG () — 1)

/N
‘RG 2| < sup
ns3 tE(l/n1,1 1/n1) Q(t)

We now show that the last term in (S.1.18) tends to 0 in L;. Let

[ olart o, 9

V€

In() =1 {C(l) VEa) <t < (g A §(n1)} lvn (1],

and let y denote the measure defined as the product of the probability measure on €2, the probability
space on which all random variables are defined, with the measure p on (0, 1) such that dp/dFy ' = g.
By Lemma 6, u(Q2 x (0,1)) = fo q(t)dFy*(t) < co. Moreoever,

Cng) NE(ny) 1
el o ladFy () = [ fudp.
Sy VE) Qx(0,1)

7



First, we show that fy tends to 0 p-almost surely. By convergence of Gy, (¢) and H, ! (t) to ¢, we

have, for all t € (0,1), un(t) =2 t. Then, by continuity of fy, vn(t) 22 0 for all t € (0,1). This
shows that fy — 0 p-almost-surely. Second, by Corollary(i)—(ii) of Theorem 16.14 in (Billingsley,

1995, p. 218), it is sufficient to show that fuy is uniformly integrable, i.e., that
lim limsup/]l {fnv > M} fndu = 0.
M—00 Noo
We will show the stronger result that, for all M > 0,
limsup/]l {fnv>M} fndp = 0.

N—oo

Let M > 0 and v € (1,00) such that (S.1.6) holds. By Holder’s inequality,

[ty > mppudn< ( | fz”vdu)l/y (1155 > aryan) o

Consider the first term.

Cng)Ne(ng
/f}(,d#:/olEl/C( o )|VN(t)|VQ(t)] dFy(t).

V€

(S.1.19)

(S.1.20)

(S.1.21)

Let B(t) := Cyt~b1(1 —t)~%. By Assumption 2 and since B” is convex and uy(t) lies between

Gn, (1) and t, for all t € (1), my)),
un ()" < 27 HB(1)Y + Blun(t))")
<277 '2B(t)” + B(Gn, ()" + B(H,,, (G, (1)), ass..

Hence,

[ s [ Baranars @+ [ B {e <t < G} BGw©)aw] a0

! -1 v —1
+/0 E {1 {C(l) V&) <t < (ng) A f(nl)} B(H,,, (Gn, (1)) Q(t)} dFy(t).

The first two integrals are uniformly bounded as already shown in the proof of Lemma S.1.1. Let

us focus on the third integral.

[ B[00V < 1< Gy A&} BER G (0)a(0)] 4 (0

- /1 > {Cé/}l_(l_u)bl_él(l _ C(ng))5/2+(lfu)b2762} 751/2767b1(1 _ t)1/2767b2dF;1(t)
0

1)

_ ngb1+b2)(u—1)+61+62—6E [(n3g(1))6/2+(17u)b1761 (ng(l B C(ng)))é/%(lw)bréﬂ

1
X/o $1/2=0-b1 (1 ) 1/2=0-ba g (),

(b1+b2)(y—1)+51+52—5

For v sufficiently small, ng < 1 and z ~ 29/2t(0=1=0; i concave. By the

Cauchy—Schwarz and Jensen inequalities,

8



< (2 [l ) (B [na (1 G200

0/24+(1—v)b1—01
} ') {n?)(l - C(ng))

B :|5/2+(1—I/)b2—(52
B ( ns )6/2+(1—1/)b1—51 ( ns )5/2—0—(1—1/)1)2—52
1

< [n3C(1)

ng + 1

Combining all pieces together yields

i V{1 {6 V€ <t < Gy A} BER Gy () 0(0)] dF5 1)

1
< /O tl/?*&*bl(l _ t)l/zfébengl(t),

which does not depend on N and is finite by Lemma 6. Next, let us show that the second term
in (S.1.21) converges to zero.

/1 (fx > MYdp = /01 Pr(1{¢0) V&) <t < Cuay A Gy o ()] > M) g(8)dFy (1)

< /01 Pr (jun(t)] > M) q(t)dE; L (t). (5.1.22)

Since we have already shown that, for all t € (0,1), |vn ()] 23 0, it follows that, for all t € (0, 1),
lun (1) 5 0. This implies that

dim Pr(jun(t)] > M)q(t) =0, ¥t e (0,1).

Moreover, for all t € (0,1), Pr (|un(t)| > M) q(t) < q(t) with fol q(t)dFy ! (t) < oo by Lemma 6. By
the dominated convergence theorem,

1
lim / Pr (jux(t)| > M) q(t)dFy () = 0,
0

N—oo

and (S.1.22) implies that (S.1.20) holds. This completes the proof that

. [/C(ng)Ag(nl) ‘VN(t)|Q(t)dF;1<t)] =o(1),
¢

V€
and thus

C(ng)Ne(ny)
/ Y OladE () L o, (.1.23)
CyVE)

Next, by Corollary 4.3.1 and Theorem 3.4 in Csorgé et al. (1986),
Vs (Hy, () —t)
q(t)

Let € > 0. For N sufficiently large, 1/n; > 1/ng —e. It follows that

V3 (H, ) () —t)
q(t)

= Op(1).

sup
tE(l/TLg,l—l/n;g)

sup
te(l/n1,1-1/n1)

< sup
te(1/n3—e,1—1/n3+e)

9



= sup
te(1/n3,1—1/n3)

= 0p(1).

This, together with (S 1.18), /- N = Op(1), and (S.1.23), implies that Rg2 = op(1). Now, let us
show that Rg1 = op(1

C(l)Vﬁm _ _
|Re,1| := ‘\/ n3/§ [Hn; oGy, (t) — Gm(t)} dFy (1)
(1)

S[P’Y(Cﬂ)) v (6)| 2 {€m < S }

X VG i) sup  [2B(0)+ BGuy () + B(Hy (G, (1))
(1) <t<¢(1)

< Op(Uop(V) x ™2 ((n1 /) V2 [y + 1 /ma) 72) ([mné)] ™+ 1ot ()™ [man] ™)

9

where jy = [ni1/n3]. By assumption, there exists e > 0 such that, for N sufficiently large,
|2 — :\\—i’\ < €. By choosing ¢ sufficiently small, this ensures that for N sufficiently large N, jy <

[e4+A3/A1] < [A3/M]+1=:j. In particular, n3(;) < n3(;) = Op(1). Since 1€y~ = Op(1)

and [’I’LgC(l)]_bl = Op(1), and b; < 1/2 by Assumption 2(iv),

Rs1 < Op(1)op(1)op(1)Op(1) = op(1).
An analogous reasoning yields Rg 3 = op(1).

Second, we show that Ry is defined in (22). We actually prove the stronger result that R; converges
t0 0 in L. Let Wy, = /n3(Hyt —1) and By, = 1 {g(l) <z< g(m)}. We have, by Fubini-Tonelli’s

theorem,
N 1 1
El|lR7|] <4 ng/o E[[Wng 0 Gy (2) = Wy (2)] X Bny | fu(2)dFy ()

< \/ﬁ/ Bl(Woy 0 Gy () — Wy ()% X B V2 s (2)dFy (2).
n3 Jo

We apply the dominated convergence theorem to prove the result. First, note that for all (z,y) €
(0,172,

|HL, () — Hyy (y)| ~ Beta(|[nsz] — [nayll,ns — [[nse] — [nay]] + 1),
with the convention that the Beta(0,ng + 1) is the Dirac distribution at 0. Hence, for any k €

{1,...,711 - 1},
E [(Wg 0 Gy (2) = Wiy (2))? |Gy (2) = /i

:ng{E[( 3 (b/m1) = Hyg (@) - (k/”l_x)ﬂ}

:ng{E[(H;;w/m)—H;;(x)— L ([(ngh)/m] — [nga)

ng + 1

10



n 1
ng+ 1

2
([(n5k) /1] = [ms]) — (/s = ) ] }

=n3 {V [ 5 (k/n1) — n31(1')} + (713_1’_1)2([(”3/6)/”11 — (n3k)/n1 + nax — [nzx] + o — k/nl)Q}
= o [[(nsk)/n1] — [nsz]] (ns + 1 — [[(n3k)/n1] — [n3z]|) (S.1.24)

(n3 + 1)2(ng + 2)

n3

+ m([(ﬂ?ﬁ)/nﬂ — (ngk)/n1 + naz — [naz] +x — k/ny)?
2
< L [tngk)/mn] = [nsa]l + = |2 ([(ngk)/ma] = (ngk)/n1)? + 2 ([nge] — nsz)? + (k B x) 1
ns n3 -
k 1 k 2
Sl Tt 10+2<m_“’)]’ (S.1.25)

where the first inequality follows by convexity and the last by the triangle inequality and because by
definition, |a — [a]| <1 for all a € Ry. Now, remark that B,, =1 iff n1G,, (z) € {1,...,n1 — 1}.
Then, by what precedes,

B [(Way 0 Gy (@) = Woy (0))2 % By | < E[1Goy (a) — 2] + nlg (10 42V (G, ()]  (S.1.26)
— 0.

To apply the dominated convergence theorem, we show that there exists ¢(.) such that for all
ny > ng and all z € [0, 1],

E[(Wa, 0 G, (2) = Wy (2))* x By, ]2 < g(a), (S.1.27)

with fol q(x) (x)dF;l( ) < oo. As above, we focus on a neighborhood of 0. If x > 1/ng3, we have,
by (S.1.26) and (S.1.16),

E [(Wyg 0 Gy (2) — Wiy (2))? X By, | < 142

Now suppose that x < 1/n3. Remark that E(B,,) < 1— (1 —2)™ < njz. Then, integrating
(S.1.25), we obtain

E |(Wng 0 G, () = Wiy (2))? X Bny| < E[|Gy, (z) — 2] + nlg [10m1 + 2V (G, (2))]

< ([As/A1] + 1)14a.

Then we can choose ¢(z) = (([A3/A1] +1)14x)"/2 in (S.1.27). By Assumption 2 and Lemma 6, we

have fol /2 q(x) fr(z)dFy ' (z) < oo. The same reasoning applies to the interval [1/2,1]. The result
follows.

Third, we show that Rg = op(1). Let A denote the measure on (0,1) such that dA/dFy" = fy.
Note that H,,} (z) ~Beta([nsaz],ns + 1 — [ngz]), thus E[H, ! (z)] = [nsz]/(ns + 1). Then

E[|Rs[] < \f/l—x —a)m

11

[nsz] — (n3 + 1)z

(ng + l)ngl/2

dA(z).




Let fn(z) denote the integrand. We have limy_,o fn () = 0. Moreover, using 1 —z™ — (1 —xz)™ <
niz and since ny < ng3, we obtain, when z < 1/ng,

fn(z) < 2n§/2:c <z'? < lx(1 - 2)]Y2

When z € [1/n3,1 — 1/n3],

Finally, when > 1 — 1/ng, then x > 1 — 1/n;, and thus using 1 — 2™ < n;(1 — x),
2
fn(@) <m(l = 2)—————75 <2(1 - o) < fw(1— )]
Moreover, fol [z(1 — x)]"/2dA < oo by Lemma 6. Thus, by the dominated convergence theorem,

RS = Op(l).

Fourth, we show that Ry = op(1). We prove the stronger result that Rg converges to 0 in L!. By
Fubini—Tonelli’s theorem combined with Assumption 1(ii) and Jensen’s inequality, we have

EW@HSvzz%yﬁmEHﬂ{weKm£@M}—ﬂ{w€Dﬁ%Om—lﬂmHH
1/2
< E l(]l—]lnsl(x) - mﬂ dA(x). (S.1.28)

Since H,,}(x) ~Beta([n3z],n3 + 1 — [n3x]), we have

. tmaz] \1"° [Tnsz](ns + 1 — [nsa]) ¢arw>
EKH”;(”'“)_(WH))] N et D2t S\ o

Let gn(x) denote the first expectation in the integrand in (S.1.28). By letting p,, (z) :== 1 — 2™ —
(1 —x)™, we have

qN(x) = Pr(f(l) <z< §(m),x < 1/77,3) + Pr(f(l) <z < §(m),3: > (n3 — 1)/77,3)
+Pr(§qy > Uz > (), 1/n3 <o < (ng —1)/n3)
=pp, (@) [1{z <1/n3}+1{1 -2 <1/ng}]+ (1 —pp, ()1 {1/ng <x < (ng—1)/n3}.

Let fn(z) denote the integrand in the right-hand side of (S.1.28). For all x € (0, 1), imy_00 pn, () =
1 so from what precedes, limy_,o fv(z) =0 for all x € (0,1). Moreover, using gn(z) < 1, we get

fn(@) S fe(1 - )],

with fol [2(1—x)]"/2dA < oo by Lemma 6. The result follows by the dominated convergence theorem.
(|

Lemma S.1.4 As N — oco:
Vs 5 N(0,62),

where

%= /01 /01 [s At — st] fu(s) fu(t) dFy(s) dFy L (t).

12



Proof: Let I;,, = [(i — 1)/n3,i/ng). First, note that

ns i
—v/n3Jy = ; N S.1.29
n3J2 ;azng, (C(z) (TL3 n 1)) 3 ( )
where a1, = angns = 0, and, for all i € {2,...,n3 — 1}, ains = /13A (Liny). We now verify that
the necessary and sufficient conditions given by Hecker (1976) for the asymptotic normality of the
L-statistic in (S.1.29) hold in our case. Let us define

- S E e (k)
oL, = G ing ks — .
" g2 g s \ng+1" nz+1)  (ng+1)2
We have to prove that
maxi<;< Zni Qaj
lim il (S.1.30)
n3—oo n30n3

First, by Assumption 2 and Lemma 6, there exists § < 1/2 such that
1
/ #-01(1 — 1Y dF (1) < oo.
0

Now, because a;,, > 0, we have, for all ng > 2,

ns nzg—1
5,12 ina| = Vi 2 A i)
Jj=t 7j=2
(n3—1)/n3 ,
— Vi [ / fo(DdFy (1)
n3
(n3—1)/n3
< Cuv/ng (1= ) "dFy (1)
1/n3
(ng—1)/n
1/n3

1
< Cy2ony/*t / 07011 — )2 d B (1),
0

where the first inequality follows by Assumption 2 and the second uses the fact that [t(1 — t)]° >
1/(2n3)° for all t € [1/n3,1 — 1/n3). Therefore,

max iajng :O(n?,’/QM). (S.1.31)
Sisn |2
Next, we have
o2 n3 7132—17132—:1‘/\(]‘ VA (L )( J A k _ Jk )
" g+ 2 =5 mns "\ng+1 nzg+1  (n3+1)2
n 1,1
=5 [ e pda@arn),

13



where fp,(z,y) = n3j+1 A n3’:—1 — (n;fl)Q when (z,y) € Ling X Igny, 1 < jAKk < jVEk < ng,

fns(x,y) = 0 otherwise. For any (z,y) € (0,1)2, fu,(z,y) = f(x,y) :== x Ay — xy. Moreover, for
any (2,y) € Ling X Igng, 1 <jANk <GV <nas,

J
A < 2(x A
ng+1 ng+17— (x y)’

j k
— vV <2(l1—=xzVuy).
ng+1 ng+17— ( v y)

Thus, fns(7,y) < 4f(z,y) for all (z,y) € [1/n3,1 — 1/n3)?. This inequality also holds for (z,y) €
[0,1]2\[1/n3,1 — 1/n3)? since fn,(x,y) = O for such (z,y). Because z Ay < (zy)/? and 1 —
zVy < [(1—2)(1—1y)]Y2 we have f(z,y) < [#(1 — 2)y(1 — y)]"/2. Moreover, by Lemma 6,
fol [I(1 — I)]'/2dA < co. Thus, by the dominated convergence theorem,

1 r1
lim 033 =% = / / (x Ny — zy)dA(x)dA(y) > 0. (S.1.32)
0o Jo

ng—o0

Combined with (S.1.31), this implies (S.1.30). Thus, by Theorem 1 of Hecker (1976) and (S.1.32)
again,

—Vnads —5 N(0,62).

S.2 Lemmas for Theorem 2
Lemma S.2.1 For all k € {1,2,3,4,5}: Ji, = o(1) as N — oo.

Proof: First, we show that J; = o(1). By sub-additivity of u ~ |u|® on R (since 8 € (0,1]) and

using that |155(/1)(y) - 1?’1(/1)(11)| <h we have

na, B\ (y)?
~ B N N
Ji <2y E VRQ (\Fél)(y) - Fy(y)( > (Q o PV g FS))(y,y’) dydy,}
g S0) A\ N
2k [/RQ (‘hnzfé”(y)‘ > (2o AV o FY )(y,y)dydy}
~ B N N
=2cyE VRQ (‘Fél)(y) - Fy(y)’ > (Q o P g FQ)(y,y’) dydy,}
(1 (2
ot [ (000 1)

The second term tends to zero since €,,, — 0 and E [ng (Q o Ijﬂ)(/l) ® 1?’1(,2))] < 0o by Lemma 9. We

now focus on the first term in (S.2.1). Letting 6 € (0,1) be such that § < 1/2— (b1 +d1) V (b2 + d2)
(using Assumption 2(iv)), we have

- 8 . .
5[50 -rw)|) (20 B 0 F2) .y dyay
=(1) =

=k RQ(\ﬁS)(y) — Fy(y))ﬂ> (A w) /\ﬁy)(y/))l_%l (FY (y) A Fg)(y')>12b2 dydy/

14



<5 | [0 - m) (Bw)" (7 w) "1 " (y#o}dy]
x B /R (131(/2) (y))dms ([%if) (y))dwS dy

[’

~ —~ 2d1 ,=(1) 2d
< /R EY? UF&%)—FY@) ]EW [(Fé%)) (Fy @) ] dy x C by Lemma 9

1 _. =0
{Fffl)(y)Fyl (y);éﬁ}

2 B2 _ 2 ,2(1)  \2d
< 2,3/20/ (FY(y)FY(y)> E/? {(Fl(,l)(y)) ' (F;)(y)) 2} dy by Lemma S.3.2
R

ni

= B/2 P d
< zﬂ/20/ (W) (Fy(y)) ' (Fy(y)) 2dy by concavity of @ +» 2% (1 — )2
R 1

=o(1) by Lemma 6.

Note that we used Lemma S.3.2 with b; = (1 — 8)/2. This yields .J; — 0.

Second, we show that J, = o(1). In the analysis of this term, we will write

a1 = 1-— 2[)1
Q9 = 1-— 252
m(s,t) = sAt, Va, s, t € [0,1].

It follows that Q(s,t) = m(s,t)** m(s,t)*2. Then, by Assumption 2(iii), there exists a positive
constant Cpr such that g < CIQJ. We have

= [ (so55)|(00 BV 0 AP) ~ (20 57?)

<E, (20 BV @ BY) - (20 F2?)|

=F - (mOﬁﬁ(fl) ®ﬁ’)(/2)>a1 (moﬁ?g) ®§§/2)>0‘2 B (moFpr)al (moF§@2)a2

<F (moﬁ’i(/l) ®ﬁ)(/2)>al — (moF1§2>a1

5
<E [ | (moB s BR)" — (mo£g?)" | (mo )"

v [ (moﬁ?@ﬁ?)”_(mo 722)| (mo F22)"

B [ (mo B0 B~ (mo5gt) || (mayo By 0 7)) (mo )™
= A+ A +B

15



To show that Jy = o(1), it suffices to show that A, A, B = o(1). Since the terms A and A’ can be
analyzed in a similar fashion, we only show that A, B = o(1).

Term A: We have

A= / (B @) A B2 )™ = (Fr(y) A B (y))™

) () A By ()™ dydy.

By Lemma S.3.4, the term F (‘(F( )( ) A F(Q)( N — (Fy(y) A Fy (y) al]) goes to 0 as N — oo

for any fixed y,y’ € R, and is dominated by the quantity 6(Fy (y) A Fy(y'))"" independently of N.
Moreover,

L B @) A B ) (B ) n o)™ dydyf
: /RQ (Fy (9) By (o)™ (Fy () Fy () ™ *dydy
2
— ([, B R ay)
R2

The latter integral converges since ay/2 > dy and a3/2 > dy by Assumption 2(iv). By the domi-
nated convergence theorem, we obtain that A — 0 as N — oo.

Term By : By the Cauchy—Schwarz inequality, we have

B=FE
R2

x| (ﬁg)(y) . (y'))a2 ~ (Br(y) A Fy(y’))a2

dydy’

(ﬁs(/l)(y) NEP (y’))m — (Fv(y) AFy (y)™

< LB (B0 n B W)™ = (Fr ) e[

— a9

<22 (| (B0 A B 0)) - (Frt) B

B2 (| (0w h B >) - (B A Fr)™ [

R 2
< g/? UF}(})( — Fy(y /\ Fy(y 2} Eal/Q { )( ") — FY(?/)‘ A Fy(y)ﬂ

2
] dydy'. (5.2.2)

Now, by Lemma S.3.3 and Jensens’s inequality, we have

+ Ea1/2 Uﬁg(/l)(y) Fy ‘ ‘F FY(yl) ]
B /2 N E N\ @1/2
< (W) A Fy(y)* + (W) A Fy (y)*!

N <2py<y>ﬁy<y>>“l/2 X <2Fy(y’)ﬁy(y'))a1/ 3

ni ni

where, in the last inequality, we used that, for any two random variables U,V it holds that
E({UAV)<EU)ANE(V). The second factor can be controlled analogously. Therefore, by (S.2.2),

16



we have

b { <Fy<y>Fy<y>>‘“/ R+ <Fy<y'>Fy<y'>>“/ " By )™

ni ni

v (Fy@)ﬁy(m)”/ 2A (Fy@/)Fy(y'))”‘” : |

ni ni

’ { (FY@)W>M/2 A Fy(y)e + (W>/2 A Fy(y)*

ny

n (Fy<y>ﬁy<y>>”/ . (Fy<y'>ﬁy<y'>>”/ 2 }dydy/

ni ni

=: 6 /RQ {Ml(y, y') + Ma(y,y') + Ms(y, y’)}{Nl (y,9") + Na(y,y') + Na(y, y')}dydy"

We now prove that /QMi(y,y’)Nj(y,y’) dydy’ = o(1) for any i,j € {1,2,3}. Using that z Ay <
R
(zy)'/? for all x,y € [0, 1], we have

/RQ Mi(y,y )Ni(y,y') dy dy’

- /]Rz My (y,y')Na(y, o) dy dy/

<Fy(y)Fy(y)>al/2 A Fy(y/)a1] X

R2 ni n1
> (a1+a2)/2
F F _
< /RQ ( Y(ygllY(y)> FY(y/)al/QFy(y/)az/Qdydy/

= o(1),

where the convergence follows from Assumption 4(iv) and Lemma 6. Next,

/Rz My(y,y')Ns(y, y')dydy" = /R2 My(y,y")Ns(y, y')dydy’

N N a1/2 = ag/2
S./R? (Fy(y)Fy(y)> <Fy(y)Fy(y)> dydy

niy niy
= 0(1)7

where, again, the convergence follows from Assumption 4(iv) and Lemma 6. The terms / Ms(y,y )N1(y, ) dy dy’
R2

/}R2 Mi(y,y')Na(y,y') dy dy', /Rz Ms(y,y')Ni(y,y') dy dy' = /]R2 Ms(y,y")Na(y,y') dy dy' and /}R2 Ms(y,y')N3(y, y/)
can be controlled analogously, which concludes the proof of the claim B = o(1).

Third, we show that J3 = o(1). This follows from ‘ﬁ&l)(y) - Fy(y)’ﬁ <1, g < C}, and Lemma 9.
Fourth, we show that J; = o(1). Notice that

sup <h6 + him + h%@(y/

(1)
yeR FY (y) Fy (Z/)

+ 1 o ) < ey, = o(1).
Fy (')
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Hence,

_ _ 2
Jy < 64cfel B [( /R2 2 (R ), K W)) dydy’) ]
~ a) 8 ~ a(2)
( /. (\Fé”( —Fy )| +|R0) - Fy )

N A(I) =(2) B
1 2)
(/R (\F&@) By W) +|F2w) - Fy )

where the last equality follows from

E [(/]R? Q (ﬁ}(,l)(y)’ F(2)( )) dydy> ] = (14 O(en,))* E K/ﬂ@ Q (ﬁﬁ(fl)(y), ﬁx(?)(y')) dydy’)j

which is finite by Lemma 9 since 1 — 2b; > 2d; for j € {1,2} by Assumption 2(iv). The remaining
term can be shown to converge to zero by adding and subtracting Fy (y) and Fy(y') inside each
absolute value, respectively, by using the sub-additivity of = — |z|%, and by following a reasoning
similar to Step 1.A above for showing that J; = o(1) as N — oo.

Fifth, that J; = o(1) follows by adding and subtracting Q(Fy (y), Fy (y')) inside the absolute value
and by following a reasoning similar to the reasoning above for showing that J; = o(1) as N — oo.
U

+4F

= o(1) + 4E

Lemma S.2.2 For k € {6,7,8}: E[|J;|]] = 0o(1) as N — oc.

Proof: First, we show that E[|Js|] = o(1). Using symmetry, we have the decomposition

[ cov(F (), FD ) eov (B (0. BV ¢ die (5. . t)]

2
J COV<fr5”<s>7fél><t>)dﬁy<s,t>> ]
e [/ 4E(AL(’1)(S))E( fii! () cov (' ()vfél)(t/))dﬁY(S,taS/’t/)]
[0,1]

+2F [/[0 " E( A(El)(S))E( Algl) (t))cov( Aél)(sl)7 fél)(t/))dﬁy(s, t s, t/)l

:0(1)7
where the convergence follows by Lemma S.2.3.

Second, we show that F [|J7| + |Js|] = o(1). By the Cauchy—Schwarz inequality, we have

E[|J7] + |Js]]

2
< F (/[071]2 COV(J?U('l) (S), fél) (t))dﬁy(s,t)> ]

18



2
+ B ( /Wcov(ﬁ}l)(s),f,§1><t>>dﬁy<s,t>> Bl

2
</ EY(S)eY(t)dﬁY(S’t)> ] :
[0,1]

By Lemma S.2.3(i) below, we have F [(]1071]2 cov(}l)(s),fél)(t))dﬂy(s,t))? = o(1). To show

2
that E[|J7| + |Js|] = o(1), it now remains to prove that E |:(f[071}2 ey(s)ey(t)dﬂy(s,t)) ] = O(1).

We recall the definition of f}]l) from (29) and will slightly abuse notation by writing hs instead of
hn,.s. We have, for any s € [0, 1],

1

ev(s) = B [Jy ()| Y] = - Pr(U —s| < hy)
_ Fy(s+hs) — Fy(s — hs)
B 2h
= fu(3)
Cuy
= sbigh’

for some absolute constant C; > 0 where we used the mean value theorem for some § € [s—hs, s+hg]
in the third line, and Lemma S.2.4 in the last line. We therefore obtain

2
(/ ey(s)ey(t) dﬁY(37t)> ]
[0,1]2

_ L SAD d(FDY- (2)y— ?
<FE (/[0’1]2 (st)bll(]gt_)bZ (SAt)(SAt)d(FY ) 1(8)d(FY ) 1(t)> ]

E

] , - B
<E (/{0’”2 (S/\t)gbléM)Qb2 (s A )5 A D) d(FD) 1 (s) d(FD) 1(t)> ]

2
= C4E ( Jo A EAD A d(ﬁ@)-l(t)) ] ,

which is finite by Lemma 9 since 1 — 2b; > 2d; for j € {1,2} by Assumption 2(iv). O
Lemma S.2.3 It holds that
() E| (Joa cov (7 (61, 7 )dv (5,0)] = o).
o cov(F5V(s), £V () eov (£ (1), BV () diy (s, 1,5/, #)] = o(1).
(iii) E | o0 B () BT () cov (7P (@), 1 () dfie (5,1, 8, 8)] = o(1).
|

Jioae BGS @) EES ) eov (7P (), I @) divy (s, 8,8, )] = o(1).
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/)

Proof: For ease of notation, we will write n and FU) instead of ny and ﬁ)(/j
the proof. We have, for any s,t € (0,1),

respectively throughout

COV(f ( ) fU ())
1 n/2 n/2
n2hghy (Zﬂlvi—s|<hs> (2111|Uj—t|<ht)] n2h he
=

=1

n/2

ZH\U —s|<hs

=F

n/2
E Y L, —sj<n,
j=1

B 1
B n2hsht

n
E Y Lu,—sj<h.Lu,—tj<h + D ﬂUi—s|3hs]l|Ui—t|sm]
i#] i=1

- Pr(JU — s| < hs) Pr(JU —t| < hy)
hshyt

1 1
< Pr(|U —s| <hg)Pr(JU—t| <h)+ (JU = s| < hg and |U — t| < hy)
hsht hsht

— Pr(JU — s| < hs) Pr(JU —t| < hy)
hshy
1

= Pr(|U — s| < h, —t] < hy).
i r(|U—s| < hsand |U —t| < hy)

Moreover, by Lemma S.3.7 below, we have that |s—t| < Thg and hy > hs/6 whenever |s—t| < hs+hy.
Therefore,

Pr(JU—s| <hsand [U—t| < h) < Pr (U —s| < hs and |s — t| < hs + hy)

nhsht nhSht
1
nhshy r (’U s| < hs) {Is —t| < hy + Ry}
1
< — . 2h, N1 4 < Th,
>~ nhs . (hs/G) fU(S) {|S | < }
12 Cy
< ohe nhg sblsb2]l{|s_t‘ < Ths }
c 1
= gt LS —t < Ths}
Therefore,
~1 . o1
cov(fé )( ), U()( t) < — e 8b18b21{|s—t| < Thy}.

Whenever |s — t| < Thg, we have t < s+ Ths < bs since hgy < %35, and similarly, ¢ < 55. Letting
n} = n1/2, we have

F _</[0,1}2 Cov(fél)(s)vJ?él)(t))dﬁY(s,t)> ]

c o1 ’
<E </[0 ; 1{|s — t| < Ths}duy (s, t)) ]

2 nhg st1502
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_ O e Y.
. </[o,u2 i singt Mls =t S Tho} (s A5 A8 d(FD) ™! (s) d(FP) l(t)>]

~

2
=t (/ i 1]1{|5t|§7hs}-58-58-d(ﬁ’(l))—l(s)d(F(2))—1(t)>]
[0,1]

2 nh, sb1502

2
l Slfb1§17b2 i s — 5(2)y—1 A1)y -1 .
(n /[0,1] (hs /[071}]1{\ t| < Ths}d(F') (t)) d(FWDYy~1( )> ]

<E (1 [ st (F®) ! (s 4+ Thy) = (F®) ! (s—?hs)d(ﬁn)l(s)ﬂ
o

=(25C)°E

hs

_ 1 Y(Q), , _ Y(z), / 2
. ( /[0 1] sttt ([m547m1 hs ) ([ s=7n}hsT) d(F(l))_l(S))

n hs
nl—1 Gl _y® 2
5 1 & < k >1b1 <n€|_ _ k)l—bQ ([k—i_?n/lhk/n’l]) ([k—'?n’lhk/n/lD (Y(l) Y(l))
B n = \n n} et (k+1) " (k)
-1 _
L~ (kT (= R - 0\ @ 2 M M
= El|Y , -Y, , Y, -Y,
nQ{-;% k;1 ((n'l)2> < (n’1)2 ) [ ( (’Vk+7n1hk/n,1—|) ([k_7n1hk/n’l])> ( (k+1) (k))
(2) _v® 1y
x <Y<u+7n;hu,@> Y(W—mﬁhwnﬂ)) (Y =) |
nj—1 _
1 < ke \ 7P/ (nh — k) (n) —0) b2 (2) (2) 2
< E| Y, / -Y, /
_n25% k,fz—l ((n’l)2> < (n’1)2 ) [ < ((k+7n1hk/n’1-|) ([k_7n1hk/n’11)>
(1) 1) ’
X <Y<w+7nahg/n3 D~ Y 1)) ]
1 (nh — )\ ™ (1) (1) 2\
— _ —_— E Y / - Y /
ney, =1 <n’1) ( n’l > {( (|—k+7n1hk/n’1-‘) (|—k_7”1hk/n’1-|)) }
-1 1 2
(LS (B () :
~\ne, Z— \n} n} g\ gk 12 ’
= (%) (%)
where we used the independence between (Y;(l))i and (Yj@)) ;j to obtain the second to last line, and

Lemma S.3.1 below in the last inequality.
Next, since nj < nsy, we have

/
ni—1

Y P e
Nen 15 n n (£)1+d1 (u>1+d2

! 7
ny n}
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9 M7l —hi—2(1+dh) W, — k —by—2(1+da) ) 1
<— - 7 h & + —
NeEy nj ny n (n)?

%, mol o\ b2 n, — b\ b2 9 Ml L\ —bhi—2(1+d) n| — b “te2(1+d2)
~n ny n * nde Z n} n
1 1 n 1 1

k=1 k=1
<2€n nj—1 [( k >—b1—2d1 nll —k b22d2] 9 "Ilz_:l [ L\ —b1—2(1+d1)
e e S R
noio \m n wen (= [\

ny —

/

/
ny

k

) b22(1+d2)]

In the last step, we used the relation z"(1 —z)" < 2%+ (1 — z)? for u,v € R and any = € (0, 1).

Fix j € {1,2}. Under Assumption 4(iv), we have

r_1
26” n ( k )—b] 2d;
— — en = 0(1),
and
9 nj—1 B\ ~bim204d) b +2(1+d;)
e 2 (o) S e, o
which implies that
2

7
n

This completes the proof of Point 1.
As for Point 2, an analogous reasoning yields

E [ /[ ] cov(FV (), IS (")) cov (FSV (), BV () i (s, . 8, t’)]
0,1]4

<E

0,14 n2h, sblsb2 p b1 02
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1 }/(]'n’ s+Tnths]) }/(([ln)’ s—Tnhs]) 5, 5
—C%E 7/ gl—b1gl—b2 1 1ts 1 1ts d(F(l))fl(S)
n Jo,

hs

hy

y (2 y 2
% (1 /[0 , 75/1 b1t/1 b2 ([nllt/+7”/1ht’-‘) (fn t'—=7n} t’.l)d( (2)) (t)

(1 v
1 / gibrgiots s Toihed) ~ s -Tninal) g pyy-1
0.1

2
=C*“FE
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e) o)

2
E
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where the last equality follows from independence between the samples (Y;(l))i and (Y;(Z))Z-. That
each expectation in the upper bound is o(1) follows from the Cauchy—Schwarz inequality together
with the same arguments used in the proof of Point 1.

As for Point 3, we have

o~

E [ /[0 . EFP ) EFO())cov(FD 1), FO @) diiy (s, 1, o t,)l

Y(Z)// /! _Y(Q)// ’
« (i/ t’1/2t71/2 ([n4t/+7n) by 1) (nft 77n1ht/])d(ﬁ(2))_1(t,) ]
(0,1]

e
2
0.1
ey

2
(/ Sl—blsl—bgd(ﬁ(l))—l(s)> El/2
[0,1]
2 @
L[ g2 i) ~ Xt mined g ey
n Jio,1] hy

<CCLE?

ey

x F

i

where the last inequality follows from the Cauchy—Schwarz inequality and independence between
the samples (Yi(l))i and (Yi(z))i. That the upper bound is o(1) follows from the first two expectations
being bounded (by Lemma 9) and the last expectation being o(1) by the Cauchy—Schwarz inequality
and the same arguments used in the proof of Point 1.

Finally, as for Point 4, we have

E [/[ y E(]?él)(S))E(J?él)(t))COV(fél)(S/% j’p\lgl)(t/))dﬁY(s7 t s t/)‘|

(2) _v®
% (1/ S/I—blg/l—bgYv((n’lsur?n/lhsx]) Yv((n’ls’7nihsx])d(ﬁ(1))_1(s,)>]
[0,1]

n hs/
2 2
/ §1/2701 g1/2=b g 1)Y= () / (/2011 /22 g B(2)) =1 (p)
[0,1] [0,1]

y@ —y®
1/ L2512 ([n)s'+7n hy1) ([n}s 77n1hsﬂ)d(ﬁ(1))_1(s,) ’
n Jjo,1] hs

<3V BV

% E1/2

where the last inequality follows from the Cauchy—Schwarz inequality and independence between
the samples (Yi(l))i and (Yi(z))i. That the upper bound is o(1) follows from the first two expectations
being bounded (by Lemma 9) and the last expectation being o(1) by the Cauchy—Schwarz inequality

and the same arguments used in the proof of Point 1.
O
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Lemma S.2.4 There exists some absolute constant C~'U > 0 such that, for all s,5 € (0,1) such that
5€[s—hs, s+ hs,

. _ Cy
fu(3) < Shigh

Proof: Without loss of generality, assume that s € (0,1/2] (the symmetric case s € [1/2,1) can be
treated analogously). By Assumption 2(iii), we have

fu(3) <

e
If s € [1/4,1/2] then § € [1/8,3/4] since we have h, < £s5 by definition. We then obtain

Cl

sb1 gb2

fu(3 <C<

for some absolute constant C’ > 0. Otherwise, s € (0,1/4] so that § < 1/2 and § > s/2. We
therefore obtain

Cuy Cy 2b1+b2CU 20y
fu(3) < —- < < —— < .
gbls 2 (8/2)b1(1/2)b2 5b15b2 Sblsbg
O
Lemma S.2.5
(1) 7(2) 1 1
w( F; a
p| [ B OEID) ]~ oy .
RO R W) |
(1) 75(2) /1 T
w( F, , F,
R F;,l)(y) F}(/Q)(y/) ]
(1) ~(2) 1 1
w( F , F.
R F}(/l)(y) F)(/2)(y,) ]

Proof: First, we show (S.2.3). By independence of Us from (Z1,...,Zp,, Y1,..., Yn,, X1), we have

w(B (). B ),
R2 fpmh

_ [ wB ), R W)
w2 e o) 'R )

— (y,y)dydy/
FP(y)

< By [[1{[00 — B < g} - 1 {0n - W) < o | x 10AD)]

Py (‘U2 - R

/
< hpg)(y,)) dydy

_ / w(FED (), FO ()
RQ

"EOw
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x By H]l {‘ﬁ(l) _ 1?’}(,1)(1/)‘ < hﬁy)(y)} -1 {‘Ul — ﬁi(/l)(y)‘ < hﬁ)(,l)(y)} ‘ X ]1{"47(11)}}
x fo(Fy(y))dydy,

by the mean-value theorem for some Fy(y) € (}?’)(/2)(3/) + hf@)(y'))‘ Fix 6 > 0 such that 6 <
Y

1 —2[(by +d1) V (b2 + d2)] which exists by Assumption 2(iv). We have for all y,y’ € R

~ ~ ~ T P =(1) o o=(2)
w(B ), B () < B ()0 B2 ()R () Ry (e,

Hence,

wB W) KW |

/ !
v,y )dydy
B R ) M)

~ ~ =(1) =(2)
F)(/l)(y)l—bl—dl—(SFS(/Q) (y/)b1+d1+5FY (y)l—bQ—dQ—(sFY (y/)b2+d2+5

<
" hEOw
B[ {0 - B0 <hgp - {Jon - B0 < <1040
~ =(2)
x (B2 ()™ (Fy (y) " dydy’
1 = b —di—8 B =) 5= (2)
S LBV By () Ry ()

X EYH]l {‘ﬁl - ﬁx(fl)(y)’ < hﬁ;})(y)} -1 {‘Ul — ﬁl(/l)(y)‘ < hﬁ;l)(y)} ‘ X ]I{AS)}} dydy’,

by Lemma 7. Next, we take the expectation with respect to (Y;);:1; and split the integration domain
R? as follows

R? = {D1 x R} J{D; x R} | J{D5 x R} (S.2.6)

where

D1 = (oo (B (2]

Jn
~(1 1 2an S\ —1 2an
Do = ()7 (Tn). (B (1= T2)).
~(1)r—1 2an,
D= (B (1- %) )

Consider the second domain Ds. By Lemma S.2.6,

1 - b5 (), =(2)
= | B @) R )Ry () Ry ()
n 2
~ —b (=21, \ " q,
X (Fx(/l)(y)> ' (FY (y)) ﬁdydy’
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(Fy)ta-2m) = (1) _ ~(2)
F)(/l)(y)72b17d175FY (y)72b27d275dy/RFéQ)(y/)ch#»(sFY (y/)d2+5dy/-

2a,

T en/n (D)1 (20

(T

Taking the expectation with respect to (Y;); and using the Cauchy—Schwarz inequality, the latter
quantity is upper bounded as

S(1\—1(1_ 2an 2
200 172 (B )™= A1)y =26y —d1—6 B\ by —dy—s

A1 (2)

o 2
(F(l))_l(lfhs) ~ =(1)

< %Em (/(A Y n F}(/l)(y)—2b1—d1—6FY (y) 2223 gy by Lemma 9
Y

by Lemma S.2.7 applied with 73 = —2b; —dy — ¢ > 5—byand 0 = —2by —dy — 6 > = — by
We now consider the first domain D; (the third one Dg can be analyzed in a similar Way) We have

A(l) QGn

1 s U)X ¢) ~ _
LT L R gy By ) e Y 4 (D ) gy
< i (F(l)) 1(7) /\(1)( )1 —2by—di— 5d /F )d1+5fw(2)(y/)d2+5dy/

Y Y '

Moreover, by the Cauchy—Schwarz inequality, we have

3

E

En J—oo

1 ED)1(282) = (2)
7/ NG F}(/)(y)l 2b1—dq1— 5dy/F d1+5F ( )d2+5dyl

“0n

2
1)) o (3 =(2) 2
< EY? (En /_OO F( )( )1 201 —dy 5dy EL/2 (/RF}(/)(y/)dl—&-éFY (y/>d2+5dy/>

= o(1)
by Lemmas 9 and S.2.8.

Second, we show (S.2.4). This follows from the observation that I(y,y") = IIn(y',y) and the proof
is analogous to the steps above.

Third, we show (S.2.5). By independence of W and U ), we have

w(FM (), B (y))

IT1(y,y )dydy'

K hfy)(y)hﬁf)(y’)
(1) 7(2)
w(Fy ' (y), Fy ' (y ~ ~ ~
:/ (hY ( )h y () Evy U]l{’U(l) — FS(/l)(yH < h/]’:,\(l)( )} _ ]l{|U1 —F)(/l)(y)‘ < hﬁu)( )H
R2 (1) 72 y W y ¥
FY () FY (")
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o~

x 1 {!U(” - )

(2)
< hﬁ)(?)(y/)} -1 {’UQ - FY (y)

/

~ ~ =(1) =(2)
</ (B B ) A(Fy (9), Fy ()2
</,

hFS)(y) hf&’(yf)

) =(1) 1/2
F F . —~
(/ (Fy (z)A y %)) H]l{’U(n Fél)(y)‘ < hAm(y)}

=(1
_ (Fy () Fy (y)~/? S A1)
_ (/R EYH]I{‘U -FPw)| < hﬁg)(y)}
2
A1
~1{|o - BP)] < hagn ) b ¢ 1ADY )

([ W W)

1UD2UD3 En

o (e R S (R T B R T

where the domains D; are defined in (S.2.6). We now show that the latter quantity tends to zero
as N — oo by successively placing ourselves on the domains D1, Dy and Ds3. Consider first the
domain Dy. By Lemma S.2.6 and the Cauchy-Schwarz inequality, we have

B[ L(E R @) "

2 En

x By |1 {‘U(l) - FP)| < hfy)(y)} —1 {‘Ul -V < hﬁy(y)} | < 1{AD}]dy]

- by /= —by 2
( L B )y 2o (w) " (7 ) dy>]

2 En

5 E1/2

= o(1)

by Lemma S.2.7. We now consider the domain D; (the integral over the domain D3 can be controlled
in a similar way). We have, by Lemma S.2.6

El/p 1(ﬁs(fl)(y)fg)(y))_mEYHﬂ{‘6(1) - < hfm}

1 €n

{0 g ) ]
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1 ~ 1) 7\(1) 71/2 ,-\(1) 1—b
<E / —(FW ) F E 14
~ |:D1 f:‘n( Y (Z/) Y (y)) Y (y) Y
1 ~a), \1.p
<FE U —FP(y)2 1d}
~ by en Y (y) Y

by Lemma S.2.8. This concludes the proof.

Lemma S.2.6 For any y € R, we have

Bl {‘Ul(l) -Hw) < hfm} -1 {‘Ul - R < hﬂ”@n}
an (51 —b1 [ =(1) —b2 g =(1)
v () (Aw) RO ARy W)= 2
(1 1=b1 L 51 “
S (Aw) IR W) <%
=(1) 1-b2 = o
(Fy W) if By (y) < 2.

Proof: We have

| < 1{AD}]

B [[1 ][00 - BP0 < b |~ {0 = BV < o || ¢ 1442

_ A1) _ A R a0 R a
— Pry (‘U1 I (y)] < hpg,, and ‘Ul has (y)) > hp, and An)>
(1 (1 A(1
+Pry (]Uf ) _ F,(/)(y)‘ > hing,, and ‘Ul - Fy(y)\ < hgo, and Agp) .
Assume first that ﬁ}(/l)(y) A ﬁ’y(y) > 2a,/+/n. We have
Pry (|0 = B ()| < by, and |0 = BP ()] > by and A
LT W= AR P Y W D) "
~ —~ ~ ~ Qp,
< Pry ( U, — FM )| < B ) o~y |y - Fﬁ”(;,)\ > hig, - oY — vy < \/ﬁ>
~(1 27
=Py ( U = B )] € [ ) hag ) + \/ﬁD
(1) Qanp Qnp,
<Pry ( U - Fy'(y)| € [hF}(})( ) %’hﬁy)(y) + \/ﬁ})
Similarly, we have
Pr \A(”—ﬁ“)( )| > hp, and ]U — P )] < hey, . and AW
Y 1 y Y F}(,l)(y) 1 vy Y F)(,D(y) n
~ ~ ~ ~ an,
S PI‘Y <‘Ul - F}(fl)(y)’ S hﬁ}(/l)(y) ) Ul - F}(/l)(y)‘ > hﬁﬂ)(y) - |U1(1) _ U1| ) |U1(1) _ U1| S n)
(1) n
<Pry (‘Ul - Iy (y)’ € [hﬁy)(y) - \/ﬁ’hfél)(y)]>




o~ a/n
< Pry (‘Ul — F)(/l)(y)’ c [hﬁ}(})( ) \f F(1) + \/ﬁ}) .
Now, we have
(1) an an
Prv (‘Ul — Fy (y)‘ S [hﬁél)(y) — ﬁ7 hf}(})(y) + \/ﬁ}>
_ AN _ On 5 - An
- <[FY ) = by = i B W) = R + ﬁ]>

Gn

(1) (1) (7%
+ Iy <[F W) +hgo e, — %»Fy ) +hao e, + \/ﬁ})

_ =(1) =(2) 2an
= (Bw) + 1 (R )| 2
where we used the mean-value theorem for some
(1) (1) (1) Gn ~
R2) € P 0) = hgp,) — T B W) = hgp )+ 2] € w1 - 6Py )
=(2) (1) 2 an 1
FY (y)e [FY (y)—’_hf(l)( )7 ( )+h 1)( ) \/>] g |:FY(y)7]~_6FY (y):|7
for N sufficiently large. By Assumption 2(iii), the latter quantity is further upper-bounded as

2[5 (F0) + 4o () | 22
<20 {(RVw) " (1-FVw) "+ (B w) " (- Rw)

<40y (é Ax(zl)(y))_bl (éfg)(y)yln aj%
<o (FPw) " (Fy )<y)>_b2 G

~ =(1)
This proves the desired result in the case where F}(,l)(y) ANFy (y) > 2“71’;

~ =(1) ~
Assume now that Fx(,l)(y) VvV Fy (y) < 2%. By symmetry, assume that FX(,l)(y) < 2ap/+/n. We

have

1) @) N 1) R (1)
Pry (‘U — Iy (y)‘ > h/F)(/l)(y) and )Ul (y )‘ < th,”(;;) and A, )
(1)
< Pry (‘Ul ( )‘ < hﬁX(/l)(y)>
<Pry (Ur < 2RV (y))
v ) —b —b
< Cyt ™ (1 —t) "dt
~ 1-b1
S (B w) (5.2.7)
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Moreover,

Pry (‘(71(1) - ﬁ}(fl)(y)‘ < hf?\}(,l)(y) and ’Ul - ﬁél)(y)’ > hf}(fl)(y) and AS)>
< Pry (‘ Al(l) — ﬁ)(/l)(y)‘ < hf{,”(y))
<Pry (0 <2FM(y)). (S.2.8)

Defining nf = n3/2, we have, for all t € [0, 1],
Pry (0" <) = By [Pry (F{)(X1) <t|X1)]
= Py {Pry (Binomial(nj, Fz(X1)) < njt | Xl)}.
We place ourselves conditionally on X;. Suppose first that ¢ > Fz(X;). Then we have
Pry (Binomial(ny, Fz(X1)) < njt| X;) < 1.
Otherwise, by Bennett’s inequality (e.g., Theorem 2.9 in Boucheron et al., 2013), for all ¢t < Fz(X7),

i)

Pry (Binomial(nj, Fz(X1)) < njt| X1) < exp <—ngFZ(X1) h(

i.e. Pry(Binomial(ns, Uy) < nit| X1) = exp <—néU1 h(t ;]1(]1>) ,

where h(z) = (1+z)log(1+ x) — . Taking expectation on both sides, Assumption 2(iii) yields for
t<1/4

Pry(U; < t) < 02t fu(uw)du + /Ztl exp (—nguh(t — u)) fu(u)du

u
2t 1/2 t—
S / u” du + exp (ngu h( u>) u” du
0 2t u
! / t—u —b
+ exp | —nsuh (1 —u) 2du
1/2 u
1/2
<lbr 4 exp (—cnfu) u™ du

1
+ exp (—cnfu) (1 —u) "2du
1/2
bi—1 [ b >
S lbr ol / exp(—2)z " dz + ny? ! exp(—cnj) / exp(—z)z~"dz

2tent cnl /2

<104 P exp(—2teny) + nsexp <cng) .

For all t > 1/nf,

ny” exp(—2tenfy) < 170
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Moreover, for N larger than a constant depending on b; and bo,
_ 3
n” L exp (—2071@) < ¢

It follows that, for all ¢t > 1/nf, R
Pry (U, <t) < #1701,

By taking ¢t = ﬁ’él)(y) and combining (S.2.7) and (S.2.8), the result follows. O

Lemma S.2.7 Let v > —% — b1 and g > —% —by. Then it holds that

—~ 2
(F)~1(1-2emy (1
fvit (/r " ED M By )dy | | = o(1).

Env/n F)-1(202)
Proof:
We have
“nEl/z_ BN by 50 e 2
Eny/1l (/(@1))1(2%) y W) Fy (y) y)

2
a ¥ 2 =(1)
< —={EY? / FO By (y)2d
~ 5n\/ﬁ{ ( (P12 Y ()" Fy (y)"dy

2
(Fy )~ t(-20z) ~(1)
+ EV? (/(AY R @) Fy )2y | |
Y

_ R , A 2
(F(l))fl(l/z) ~ (F(l))*l(l_Qan) _(1)
anp 1/2 Y (1) 1/2 v o0
S W{E / /Am _1(20n By (y)"dy +EY /Am . Fy (y)2dy }
b (D7) (B)1(1/2)

2
an_ f e | (200" Ay-1( 1\ p)y-1(2
e |((GR) < (@0 G) - @ ()
2a,\ 7? ~ 2a ~ 1\ 2
1/2 “0n (Dy=1(1 _ 2\ ) _ pW)y-1(1
ee () (0 -2) - Q) )
We handle the first expectation (the second one can be analyzed in a similar way). We have
1 [a, \'t - 1 - 2\
4 Gn /2 (Wy=1(L\ _ p)\—1/40n
- (\/ﬁ) E l((FY) (2) (FWM) (\/ﬁ)> ] (S.2.9)

Letting n} = n1/2, we recall that the density of {.) is (see, e.g., Equation (2.1.6) in David and
Nagaraja, 2004):

IN

1 r=n)—r
= 1 .
Jeo @) = B —r s " ©
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Combining this with Assumption 2(ii) and letting r = [2an/n], we have

B |(E(32) ] = 20 €]

1
</ ,’I;_le(f'_de 1 .’Br_lffn/l_rdl‘
~Jo B(r,ni —r+1)

_ B([2an/n] — 2d1,n} — [2an\/n] — 2dy + 1)
B([2an\/n],n] — [2an/n] + 1)

_ T([2any/n] —2d1)T(n] — [2any/n] — 2dy + 1)
- I’(n’l +1—- 2(d1 + dQ))

8 I'(n)+1)
I'([2any/n])L(n] — [2any/n] +1)

< (2an\/ﬁ)72d1n/172d2n/12(d1+d2) by Lemma S.3.6

< <a”> —h .
~Y \/ﬁ
By a similar reasoning, there exists a constant C' > 0 independent of N such that
~(1)\—1 1 2
E {((Fy ) (2)) ] <C.

Plugging this result into (S.2.9) yields

since 1 +v, —dy > % — by —dy > 0 and a, = O(log(n)). Similarly,

() (-2 )] o

Lemma S.2.8 For any a > % — by, it holds that

GRORICTS ’
E (/ Fé’(y)ady) — ().
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Proof: Let n} = n;/2. We have

()71 (%) i
vl o5 a
(/_ M (y) dy)

R2vianl-1 , . <o 2
1
=F ( Z (nﬁ) (Y((Zi)l) o Y(S)))

=1
[2v/nan]—1 .. o
_ i (1) MY (v D)
- .Zl ((n’1)2> B (i —6)) (75 =)
1,j=
[2y/man] -1 a
ij 12 [(v) OV g2 [ ()2
< 2 () B0 )] e i )
)=
2Vl i 1/2 1) 1)?2 :
-1 X () 0 )]
[2v/nan]—1 -\ a—(1+d1)
1 7 1
S| </>
1 mﬁan]il( di)—1 :
_ (a—dy)—
AP

X

<an\/ﬁ> 2(a—d1)

n
= o(en),

where the first inequality follows from the Cauchy—Schwarz inequality, the asymptotic inequality
follows from Lemma S.3.5, and the asymptotic equivalence from o — dy > 0.
O

S.3 Other technical lemmas

Lemma S.3.1 Let ny =ni/2. For allk € {1,...,n} — 1}, we have

2

2 Bt +
(1) v < k/ny T n]

E Ky(mwn;hk/ng) Y(fk—?nahk/nﬂ)) ] S TN i T
() ()

Proof: Let ay = [k—Tnihy), | and by, = [k+Tnjhy ), |. We note that we always have by > ag +1
for any k € {1,...,n} — 1}. Suppose that a; > 10 and by < n} — 10. Then, we have ay =< by < k
and by — ag < nyhy ;. The result follows from Lemma S.3.5.1.
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Now, suppose that a; < 10 or n} — by < 10. By symmetry, suppose a; < 10. By the definition of
g, we have Tnihy, . < k/12 for nj large enough, so that

[k = Tnhy ] <10 = [11k/12] <10 = k < 10.

In particular, we have 7n}hy, < k/12 < 1, which implies by = a; + 1. The result follows from
Lemma S.3.5.2. O

Lemma S.3.2 For any y € R and 0 < by,be < 1/2, we have for all j € {1,2}:

- 3 1/2 = 1/2-b
EL/2 |ﬁ(j)(y)—Fy(y)]2(1_2b1)]1 » 91/2-b1 (Fy (y)Fy () / N 2Fy (y) Py (3) 1
Y {ﬁ&')(y)ﬁ}?(y#o} - n}/272b1 n1
‘ - 3 1/2 - 1/2-b
E1/2 ’?(9)(y)_py(y)’2(172b2)1 » 91/2-b2 (Fy (y) Fy (1)) / N 2Fy (y) Py (y) /2—b2
i {FOWF wzo}| ~ 17220 o .

Proof: To ease notation, we drop the superscript (j) and simply write Fy. We define the weights
u = 1/(1 —2by) and v = 1/(2b1) that satisfy 1 + 2 =1 and u,v > 1, using the convention that
1/0 = oo if by = 1/2. By the Holder inequality, we have

~ 2(1—2b1)
B [|Fy(y) - Fy(y)| 1 ]l{l?y(y)fy(y)aéo}}

< BYCW [|By(y) - Fy (y)] BV [(“{ﬁm)ﬁy(yﬁéo}) }

1-2by

> (Pr (ﬁy(y) + O) A Pr (ﬁy(y) + O))b1

_ {<1A(W))U<M<W>>}

:<2Fy<y>ﬁy<y>> : nbl{Fﬂy)Aﬁy(y)Al}’”
2

- <2Fy(y)Fy(y)
ni

1-2bq

_ <2Fy(y)Fy(y)> 2

= ny

ni ni
B 1-2by
2Fy (y) F 2 _ 1\
< (W) 4! {Fy(y)Fy(y) A n} using u A u < 2uu, Yu € [0, 1]
1 1

)

_ — — 1/2—b
2U2b(Fy (y) Fy (y)) (2P W)y W) /20
= n}/Q—le ny

which proves the first claim. The second claim can be proved in a similar fashion, following the
same steps as outlined above. ]

Lemma S.3.3 For any x,y € R and o € (0,1], it holds that
(B @) A B2 ()" = (Fe(@) A Fr()°| < | (@) = By (@)] A Fr(y)®

+ |2 () — ()| A Fr(a)®
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o

B @) - @) A B 0) - Bre(y)

Y

~ ~ =(1) =(2 _
and the same inequality holds true by replacing Fi(/l), F}(,2), and Fy with Fy , Fy , and Fy, respec-

tively.
Proof: Below, we will use the classical inequalities that hold true for any a,b,c¢ > 0 and « € (0, 1]

lanb—ancl <aAn|b—(]
la® — b%| < |a — b|“.

By the triangle inequality, we have

(@AD" — (aAb)Y| <

(
(
< ([a—al*A%) + (a* A b —b]")
(la—al” Ab) + (a™ Ao —b]%)
+]a—al*Afb—0b"
Applying this with a = Fy (z), a = F\)(2), b= Fy (y), and b = F)(y) yields the result. O
Lemma S.3.4 For any xz,y € R and o € (0, 1], it holds that

E[|(BY (@) A B2 )" = (B (2) A By ()] < 6(Fy (2) A By ()"
and B2 [|(F) () A B (1) = (Fy (2) A Fy ()] = 0 as N — oo,
Proof: By Lemma S.3.3, we have
B[P @ A B W) - (@) A B @) < BB @) - B nB || - B |

+E Uﬁﬁ”(w) - Fy(x))a] A Fy (y)°

+EW@@—H@HAR@% (S.3.1)

We now control the quantity E Uﬁﬁ(/l)(a;) - Fy(x)|a} for any fixed x € R. We define the weights

v=2/a>1and u= % . These quantities satisfy u < 2/a since v — 1 > 1, and % + % = 1. By
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Hoélder’s inequality, we therefore have

E FWD () — By (2)|°1 4 Fy(2)* 14
|Fy’(z) — Fy (2)] A @0 T EY (@) 10

(z)
} Pr (]1}/7’\}(,1)(36)7&0>
~ — 1

< BR[|V (@) - Fy(2)*] (1= By (2)™/?)

_ /2 v
< (W> <1A (?Fy@)))l/ + Fy (x)* Fy (z)™/>
ni

(:1:)0:|

A (@) - Fy(x)ﬂ —E

1/v

< BV*||F) (@) - Fy(x) + Fy(2)° Pr(]l o (x):())

Jv n Fy(.’lf)aFY(»fC)nl/z

. a/2 _
< (BB 0 by 4 ) By,

where we used Jensen’s inequality in the third line (which can be applied here since au/2 < 1) and
the inequality 1 — (1 —a)” < 1A (na) for any a € [0,1] and n € N in the fourth line. It follows from

the display above that E Uﬁi(/l)(x) - Fy(:v)’a] < 2Fy(z)* and that E Uﬁ'}(,l)(x) - Fy(m)‘a} —
0 as n; — oo for any fixed x. By swapping the roles of x and y, we similarly obtain that
E Uﬁ}@(y) - Fy(y)’a} < 2Fy(y)® and that E Uﬁy)(y) - Fy(y)’a] — 0 as n; — oo for any fixed
y. Combining with (S.3.1) yields that

E[|(F @) A B2 )" = (Fy (@) A Fy )] < 6(Fy (2) A By ()"

and that F “(ﬁ}(})(x) /\ﬁ}(?)(y))a — (Fy(z) /\Fy(y))a” — 0 as N — oo for any fixed z,y € R,
which concludes the proof. O

Lemma S.3.5

1. For all a,b € {10,...,n1/2 — 10} such that a < b,

—(1+d1) _b —(1+d2) h— 2
(1) ()2 @ o a
B [(Y(b) _Y(a)) } S [(711) ( n1 ) ( n >1

2. Forallke{l,...,10}U{n1/2 —11,...,n1/2 — 1}:

(1) (1)\2 2(1{k<10}d; +1{k>n1 /2—11}dy)
B (Vi Y| sttt

Proof: For ease of notation we drop the superscript (1) and write Y(a), Y») instead of Y(Ell)), 37(%).

1. Suppose that a > 10 and b < ny/2 — 10 such that a < b.

E {(Y(b) - Y(a)ﬂ =E [(Fy‘l (&) = B (€) )2}

—E [((F;l)/(é)f <§(b) - 5(@)2]
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for some € € (£a), (). We bound E {g (I4d1) (1 — §)=2(1+d2) (5(b) — 5(a))2 1 {

second term in the sum can be analyzed in a similar way. We have

E [52(1+d1)(1 &)~ 2(1+d2) <§(b 5@))2]1{55 1/2}}
< 92(+d2) [(£(Q)>—2(1+d1) (§(b) B 5(a))2]

< 92 p1/2 [(i(a))_4(1+dl)} EL/2 {(5(6) _ 5(a)>4} ) (S.3.2)

Iy
INA
—

/2}}, and the

We compute the two expectations in the right-hand side separately. We recall that the density of
§(a) at point u € (0,1) is given by

n1!
(a—1)!(ng —a)!

Therefore, since a > 10 > 4(1 + d; ), we obtain

w1 (1 — )™,

fﬁ(a) (u) =

|
E _4(1+d1) — / ny: a—1—4(1+d1) 1 _ ni—a
(i o1 (@—Dl(ng — )" (L= w)y™du

n1!
( T E— Bla—4(1+di),m —a+1)

I'(ny+1) I'a—4d)'(n1 —a+1)
F'a)I'(ni—a+1) I'(n1 —4(1+dy)+1)

B [(ny + 1) I'(a—4(1+dy))
CT(ng —4(14dy) +1) I'(a)

< néll(1+d1)a—4(1+d1)

~

a \ —4(1+d)
-G

where we used Lemma S.3.6 to obtain the inequality. Moreover,

{(f — &) } [Beta(b —a,n; —b+a+t 1)4]

ﬁ —a+r
o n1+d+r

< )
ni .
Combining Wlth (832)7 we Ob ain

E 572(1+d1)<1 _ g)fz(HdQ) (5@ _ 5(@)2 1 {5 < 1/2}] < (a> —2(14-d1) (b - a>27

X
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and similarly,

o [g2(1+d1)(1 _ §)20de) (f(b) B E(a))Q L {E . 1/2}} < (nl - b)—2(1+d2) (b — a)z.

ni ni

Therefore, we obtain

9 a —2(14d1) ny — b —2(1+4dz2) b—a 2
_ < —
E[(Yr(b) Yv(“)) } ~ [(nl) +( ni ) ( ni )
_ <a)(1+d1) <n1 _ b)(1+d2) <b - CL) 2
- nq ni ni

This completes the case a > 10 and b < n;/2 — 10.
2. Fix k < 10. We recall that, for any u,v € R, the joint density of (Y(4, Y(541)) is

n1!

(k—Dl(ng — &k — 1)

P Ywsn, (s 0) = fy (u) fy (0) Fy ()"~ Fy (v)™ =+ 1{u < v}

(see, e.g. Casella and Berger, 2001, Theorem 5.4.6). We use the change of variables s = Fy (u) and
t = Fy(v) and the notation dz = dx;dzy. We obtain

E | (Y ~ Yin)']

dudv

= /]R (v —w)fy (u) fy (0) Fy (u)* = Fy (v)™ G _"i'),]tr{f - ,ﬁ ol

_ _ _ 2 gk ni!1{s <t}
_/(071)2 (A - Frl(s)) st — o 1(k_1)!(n1_k_1)!dsdt

ni!l{s <t}

+ 2
/S (Fgl)l(x)dx) e ) = 1)‘!(711 — = 1)!dsdt

t 2 11 {s <t}
< —(14+d1) (1 _ )~ (1+d2)\ g ) k=101 _ pym—k—1 ni dsdt
_/(0,1)2 / (= (1-2) Jdu ) (1 =) =1l — k-1

= 11 {s <t
_ —(1+d1) 1 . \—(1+d2) N k=1 pmi—k—1 ni!l{s <t}
a /(0,1)2 H/s (: (1= i) )dxl> s (1=) k— 1)!d8dt

bale (k— 1)l (ny —
—/(01)4 P | {s<m1nmj}(1 s | {t<maxmj}
X f[ UHA (1 )~ (1)) ! ds dt d7
i (k—1)(ny — k —1)!
min; x m—k 2 !
=J o k] ;i r?ix]?) g( (k) (g gy (1+d2))(k_1)!(211_k_1) iz

2

k/2—(14d1) 4 . \(ni—k)/2—(1+d2) [ ™1 ;=
< . 1 i d
_/(071)%111% (1) (k) 7

2
_ (T;l> (/1 xk/2_(1+d1)(1 _ ;p)(”l_k)/2_(1+d2)d:§>
0
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()Pt

(% — d)r(m; ﬂZ
T(% —di—ds) |

F(nl + 1)
N'k+1D(ng —k+1)

Now, note that I'(5 — d;) is a constant, and

F(m + 1)
Dk+1)0(ny —k+1)

I —dy)r(mz® d2) k( di—k/2\2 _ od,
N5 —di — dy) = ny (”1 ) = ny".

This concludes the proof. ]

Lemma S.3.6 Let ¢ > 0. For all a € (—10,10) and x € (0,00) such that x + a > €, it holds that

Proof: First, suppose that 0 < a < 1. Then, for all x > 0,

I'(x +a)

oy <SGl

where the first inequality follows from the right part of Wendel (1948)’s double inequality.
Second, suppose that @ > 1. Let u € (0,1) and define b = a/u. We have

MNz+a) T(z+u) T(x+2u) [(x+ |blu) [(z + bu)

T (z) T(z) T(x+u) D@+ (0] - Du) T(z+[bu)
By applying Wendel (1948)’s inequality to each term in the product, we obtain

IW < .%'u(x + u)u - ($ + (LbJ _ l)u)u . (ZL’ + Lbju)u(b—\_bj)
< (@+ (1) — )" (o 4 [bJu) @1

< (x4 [bJu)* P (2 + [bJu) - 1D

Since b+ |b] is right-continuous, by taking the limit as u — 1 we obtain

I'(z+a)

Third, suppose that —1 < a < 0 and let £ = = + a. Then,

'z +a) _ I'(z) < g <M> 1—(~a)



IN

< 1- 1 (S.3.3)
1+e

where the first inequality follows from the left part of Wendel (1948)’s double inequality since

0 < (—a) < 1 and & > 0, the second inequality follows from x + a > ¢, and the third inequality

follows from a > —1.

Fourth, suppose that a < —1 and let u € (—1,0) such that b = a/u. We have

[(z+a) T(r+u) I(z+2u) I'(z + [b]u) I'(z + bu)

I(z)  I(z) T@+vw) T+ (b —Du) T(z+ [blu)

By applying inequality (S.3.3) to each term in the product, we obtain

Iz +a) 1
< T
F(.CU) (1_ 1i€>LbJ+1

Uz 4w (@4 ([b] — Du)(z + [b]u) b))

<1 i

= (1_ﬁ)m+1
€

Since b+ |b] is right-continuous, by taking the limit as u — —1 we obtain

I'(z +a) 1
S

e+1

)UG|J+1 (‘T - UaH)a.

0

Lemma S.3.7 Let s,t € [0,1] and assume that |s — t| < &(s§ + tt) for some ¢ < 1/2. Then
tt < 655, and s5 < 6tt.

Proof: The second claim follows from the first one by symmetry of the roles of s and t. We
therefore focus on proving the first claim.

Without loss of generality, assume s < 1/2 (otherwise, it suffices to repeat the following argument
with 5 and ¢ instead of s and ¢, respectively). If ¢ < s, then ¢ < s5 and the result follows. Assume
from now on that t > s. By assumption, we have

_ 1+4+¢
t—s<e(ss+th) <e(s+t) ie t§1+ s,
—€
by rearranging the terms. Hence
_ 1 1
fi<t<-—Cg< TS 05<6ss
1—¢ 1—¢
This completes the proof. O
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